BULLETIN [praeesse 


CALCUTTA 
MATHEMATICAL SOCIETY 


# 
ei Vou. XIV 


1923-24 


ГА 
—e e _ - 


CALOUTTA UNIVERSITY PRESS 
1934 ' 


' 
CONTENTS 
А i E Pace 
Basu, K. 
On the product ct Bessel Functions x .. 5 
On the perturbations of the orbit of the enya in 
the generalised hydrogen unlike atom (A) .. ,. 107 


Basu, Dr. Nalinikanta 


The investigations of the forced oscillations set up in an 
aeroplahe by periodic gusts of wind, with special reference 
to the fase of synehrony with the free oscillations .. 195 


Chakrabarti; Satischandra 
On the evaluation of some factorable continuants e. BI 
Ona fagtorable continuant è ... 85 aie 219 
Cullis, Dr. C. E. | 
Equitense trahsformations about a fixed point taken as origin 65 | 


- 


Das, Panehanan 


On the secondary spectrum of Hydrogen са wv 119 


Datta, Dr: Abanibhusan 
On an application of Bessel Functions to Probability .. 289 


Ghatak, Manujanath 
Geometrical representation of analytical equations of conics 
for complex variables d PAS . 173 
Ghosh, Jyotirmaya 
Longitudinal vibrations of a Hollow cylinder ... TES 


Transverse vibrations of a thin rolating rod. and of a rotating 


u 


eireular ring 161 
Ghosh, Nripendranath I | 
Algebra of polynomials, IT. IT b e. 4141 
K. C. D. | 
Note on the convergence of Fourier's Series... e e. 855. 


` 
. 
ii CONTENTS" 


| Pace 
Madliavrow, B. S. and Lakshmanmarthi, M. 
On the covariant curves of a singular w—te — ... e. 55 
Mitra, Subodhehandra 
On the steady translation nnd revolution of а liquid sphere 
with а solid core... Ee ss sd 1 
On the motion of,a viscous liquid between two ñon- 
concentric circular cylinders |... - 22, . 151 
Sen, Dr. Nripendranath 
Higher order tides in eanals of variable section e. 19 


On vortex rings of finite circular section in incompressible 
fluids ... КЕ ran m" e. 847 
Upadhyaya, Pandit Oudh 
A general theorem for the representation of X, where X 


Я 0—1 2 5 
represents the polynomial — ‘a ` H 


Review  ... pu " E ee 259 


j 


Ох rug Stnapy TRANSLATION AND REVOLUTION ОР. 
E A LIQUID | SPHEPE NITE] A SOLID CORE. 


e? 1 
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. Br 


овори CHANDRA Mirra. 


1. In two important papers! Professors Hadamard and Rybezynski 
discussed the motion of а viscous liquid sphere in an infinite mass of 
viscous liquid.. The methods applied and the results obtained by them 
were afterwards used by Smoluchowski? id order to find the range of 
validity of Stoke’s law of resistance. 


- > The object of the present ‘paper is to investigate, as a variation 
of the problem of the liquid sphere, the motion of an тавив liquid at 
rest at in inity due to 

G) the ‘steady translation of a liquid sphere with a solid internal 


| , boundary, 
(ii). the steady revolution ofa liquid sphere with a solid boundary, 


Tt is believed that these cases have not been investigated ЕА any 
previous writer. in А | А 2 


STEADY TRANSLATION. 


We shall consider the motion of а viscous liquid sphere of density 
p’ and coefficient of viscosity w in an infinite mass of liquid of density 
р ard coefficient of viscosity p, the liquid sphere being. bounded inter- 
nally by a concentric solid sphere of radius b and the surface r—a 
(а>) separating the viscous liquid sphere from the irfinite liquid. 


We shall also suppose that the Surrounding fluid is free from 


extraneous fone while а force 7 per unit volume acts on the sub- 


a 


stance of the Folien d in the direotion of the axis of z. 


1 Hadamard— Comptes Rendas (1911), р. 1786. 
Rybexynski—Bull Acad. d. Sciences de cracovie (1911), p. 40. 
* Simoluchowski—On the practical. applicability of Stoke’s Law of Resistance— 
Proceedings of the bth international congress of wiathetnaticiane (1912), Vul. 2, 
p. 192, 
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Neglecting the inertia terms, the equations of motion of a viscous 
liqnid reduce to the forms 


BY + pX= ap 
. ðe 


ð 


2 — ОР 1 
p V to py ду i а) 
p V 0 ре an f Я 


together with the equation of continuity 
Ou, Ov, Ov o ' (8) 


[Lamb, Hydrodynamics, p. 584. Eq. (1) and (2).] 


X, Y and Z being the forces parallel to the axes. 


Let us first suppose that the sphere is at rest while the liquid haa 
a velocity U parallel to the axis of m ut infinity.. We shall afterwards 
impose a velocity — U on both the sphere and the liquid. Then the 
liquid will be at rest at infinity while the sphere will move With velocity 
U along-the axis of z. ` 


We shall have to consider both the external and the internal 
motions. 


For the external motion we may assume, 


r* + 2А q 
а в-& x )a(À r? ts 


Vx ( в- adala) 29 
- (бе )&@) | 


These make 


г 


ub yo d eto (v- E: + = ) w (4) 
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The surface-traction components are given by 


E -%8) Ө (= _A » 
P= * pot( Af T Berr] nr 


6uB 8 : 
наны де 9E) 


=— Ep, (6де HB) Ə í < 
Pees Ep +í Ar T ) e. (x) (9) 


[Lamb, Hydrodynamics, p. 584. Eq. (4), (5) and (6)]. 


For the internal motion let us assume 


А! A'r TT (7 oe 
«во Bale) + нее) 


E 


OLO 
OLIGO 


"= Op 


Where u', v and w' are such that 


Viw=0. —VM-O, —V!'wW-—O (7) 
ёх д» дш. 8 
and z t 5y t ðs (8) 
Lét us assume 
ap Ө (í = 
aed Bil 5) 


| 
| 0 
| | 
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These values of w', v' and w will’satisfy (7) and (8). Further a 


comparison of the equations (5) and (14) which is given later will show 
that these values dre consistent witlr the continuity of the surface 
tractions at the surface r=a. 


~ 


Thas we can write for the ouis insido tho liquid sphere, 
"o p з = Ea spo Hia ) a4) 
cs en 20) 

а) ТС) BGI] 
| ar B(A) 

со о! = 09) 
| ; | ' “w2(4) (10) 

fid dadial ealonty inigiven by Xe 


, А "a4. 
seyn ( 16» +B'—C ( = #)7 =]: an 


We find for the pressure, 
Í ' Р { 
р=—р.+( А + оК ) w Uu (12) 


Also since 


aei бу (3) P | | (13) 
J 


ox tuslsiBAbY TRANSLATION AND REVOLUTION $ 


na We! find fos ТК К К ИТ "T 


ШЕЕ 3 Al )e«e( = 6ш. )- вир’ | 
r J r 


aye) 


Чч мп " А oz y 
в,а (ate) gor (t уг Sm 
Pss +) j^ 3K r* O'lL » : : 


‘p> tee, 97 8 le Muf бё ү вш 
Pus 85 ik y eO (7 “ ) . бр 

, | 
a,(5) 05 


(1) there is no tangential slipping over the solid sphere, 


1 1 
Now we may suppose, 


- (2) there is tangential slipping over the solid sphere, | 
In both cases the following bouudary conditions will hold good. 
When rca ' 5 І 

(£) The radial velocities must vanish. 

(32) The velocities are continuous. 

(їп) The component surface tractions are continuous. 
When rb (. | 

(то) The radial velocity die to the шй inside the liquid sphere 

will vanish. 


79. First үч suppose thére is no tangential slipping over the 
solid sphere. 


1 н u OR e 
* The normal stress is given by the expression, 
$ . ^ D А s > 


D oe zn ‚К eM ; M 6p! ja j Ж 
—pe.c io^ s) 2C ( T E = +12, D; 


буш, +( š iE ©; г) (15) 
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the three components of which can be written in virtue of the relation, 


ets p? Ө s sati 3 Pr 
“Pe dil a z Je rmm )) as) 


[Lamb, p. 586. Eq. (14)] 


¿anaq е ү ыйл (з 
АРА feb amo (o =) ; 5 82 5) 


_2 С 1 4р! Ay D' K+ ы 
А-0 (a )* Se tui 


E Ж Aep L1 «D CE 2 (4): 
ZDF т ) т 3 Oy 5): 


and 





dee te Е) 











a7) 
Subtracting these from (13) we find for the components - “of tangen- 
tial stress, 
А! „_ ФшС' шр & É 
| jp Dee 7 3) m 
g) Ат _ 2.0 Т7 . 
10 r* ri ' 
A a 3/0 wp) у Ө (3), 
10 r r ðy NV 737" 
А! , 2/0" — П" 8 / x 


At the surface r—b the radial velocity must vanish and the equa- 
tions (10) must give the components of tangential velocity. Since we 
have assumed that there is по tangential slipping at the surface r=b, 
we have the equation 


А 
ї0 7 b (19) 
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From the boundary conditions (zY, (42), (її) and (Ze) we have the 
following equations, - 


U— 28 + = =0 | | | (20) 

йг sg 2- E bi =o - (21) 

( A'—1K ) +0 а— б“ )- SED. Las 995 —— (a) 
Cone e 


. 
Thus we have seven equations (19), (20), (21), (22), (23), (24) and 
(25) to determine the seven unknown quantities А, B, A’, В, С’, D' 
and U interms of K. 


Solving we have 


f DE. 1 a* 4- a*b --a*b* -Fab* + b* 
та oe 


Cast a*Fa*b-E ati ab? + b+ ya! 


pa а — 9y — Z ( at tatbqatbitabt +b Jee 
H^ 


and 





A'— ERN 
Sas .'ua^ 1 ay! : M 

M cb, — ( EM )( *b+a°b* --a* 5? tabt --b5 
| 10 * By 10\ д ^ ) 


3 Bp у» 
EI LE 
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x ! 
Putting г= cos 0, the radial velocity is equal to 


| Є iP ) -0 e ( Eb SI (27) 
T? k rs 
. The flux 2m), through а cirole with OX as, axis, whose radius 
bubtends an angle 0 at О is given by · “eg ` 


= vk Aly? Y ea ur "BD anna 
vii ide +в) oí 3 p v*asin*0 (28) 


If we impress on everything a velocity —U, we get ` 


Sus. к] A'r? , \ æ (2.1 y 2D D 
һ=-1( фе ae )- (3-3, т 


r*sin*6 (29) 


i 
pr 


23. Let us now suppose that there is tangential slipping, the coeffi- 
cient of slipping being denoted by £. . 


Thén exppessing 


Tangential force 
mu +B eR tle SOUS Cam 9 
= Relative velocity ( ups 2) ° 


we get the following two.equations. 





A 2yO — WD _ A's x ‚ P 
EE CEP в) b Zo n) +? (30) 
and 
‚ АЪ_ 4/0 _ 4D A 20! nd | 


We may take either of the equations (30) or (31) combined with 
the equabions (20), (21), (22), (23), (24) and (25) to determine the 
seven unknown quantities in terms of K. dicis 


Sreapy RRYOLUTION. - 7 owe 1 


Ta order to find the steady revolution of a liquid sphere having 
& sólid core, it will be convenient for us to find, first, the revolution of 


wk 
Fee 
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a liquid spheroid bounded internally by а confocal solid spheroid, 
both rotating about the axis of а, the outer liquid with an angular 
velocity e and the inner boundary with an angular velocity w. The 
external motion will be the same ss if a rigid ellipsoid of revolution 
were rotating in an infinite mass of liquid about the axis of z. The 
external motion due to the revolution of an ellipsoid with three unequal 
axes has been obtained by D. Edwards (Quart. Journal, Vol. XXVI, 
1893). We reprodned below the values of u, v and w, obtained by 


=, е | s A Gr | (32) 





Нар | OFA CFA 


"— 2op!y?z ( pt габ? 
eme ( Beto, ) e HAP, \ BREA FA ) e» 
_ i дер? уг* ( b _ c 
Mg ( b*B, +С )r* cep», ERN ea FÀ ) (34) 
and 
22 10 
eR b* B-Eec!C (95) 


= dà =: dÀ E dy 
Ne oce, : е +A)P) 3 ale FAP, (36) 
À À X 
P (батл) (вА) (он (37) 


1 = a у? 2? 
Аун (Xe T (GRA)? (88) 





а, b, c being the semi-axes of the ellipsoid. 


Now let us suppose that the boundary of the innermost spheroid 
is given by 


eh yu ul (89) 
While that of the onter spheroid is given by 


a ytte ; 40 
dX, PA, = co 
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Tt is obvious that À, isa positive-quantiby. Then for any point 
outside the outer spheroid, u, v and ware give by (34) where we 
put b=c. 


For any point on the outer spheroid we must replace À by X, 
(4234) 


Then 
°? 
(41) 


B tf (42) 


The normal velocity is clearly zero. 


The compouent surface tractions are given by 


Dwppz 


pM. ug ere 
Pe ау tp, (B3 --X)* (a3 4A)? 


2wppy К 
43A B, Q* £3) (a A)? 





Pa’ = Poss (43) 


Since the condition of finitenees at the origin is no longer imposed, 
we may assume for the internal motion, 


и=О А E 
v=—Az—CB)2 | (44) 
w=Ay+CByy | 


- 


These satisfy the equations of continuity and the equations of 
motion. 


I 
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Also NT 
> 
= К 
P,.= Po 4А 
2, Cps 
P,,——p, — 
`. PA t deae à)! 
p, m— 2p Opy 


TR PA Rit (BP A) (a? +A) 


(45) 


The boundary ee are when A=A, 4:0, v=—w z and 


= 0 oy 


When A—O 


14 —0, u= — o8 and w— o'y. 


(46) 


(47) 


The component surface tractions must be continuous when.Az-A,. 


These give the following equations: 


ç A+CB, =o 
A+CB=o! 


and E ср! 


Solving we have 


teu =p) у onB 
and о = Р TB 


Thus we get A, C and о’. 


In the case of the sphere we have q—bzze. 


(48) 


(49) 


(50) 


(58) 


i 
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2 1 21 

r š = =s 54 
Therefore B, (арх) 3 (54) 
where we write (a+a,)=b (55) 

21 

I 5 

smd B 33 “7 (56) 
Therefore . 

па обир) З on be 5 

o ni + 2 "i a? ( 7) 


In conclusion, I wish to express my indebtedness to Dr. N. M, 
Basu for his valuable criticism and help in the preparation of the 


paper. 
Vol. XIV, No. 3. 
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ON THE SECONDARY SPECTRUM OF HYDROGEN. 
qe 
By 
PaxcHaNON Das, M.Sc., 


Lecturer tn Physics, Serampore College. 


Although the application by Bohr and Sommerfeld, of Quantum. 
theory to spectroscopy, has met with a phenomenal success, the only 
atoms, of which the line-spectra, have as yet been quantitatively 
accounted for are those of hydrogen and ionised helium. The next- 
structure iu the order of complexity is the helium atom. Butas it is 
a problem of three bodies, no exact solutions have been obtained. The 
hydrogen molecule is still more complex, as it consists of two electrons 
and two hydrtgen-nuclei. The only existing model of the hydrogen- 
molecule is that of Debye, but the dynamical solution of the Debye- 
model has not been effected yet, although it has attracted the attention 
of Silberst@in and Saha. Itis practically established now that the 
secondary spectrum of hydrogen is emitted by the hydrogen -molecule. 
So a theory of the secondary spectrum must rest ona workable model 
of the molecule. The present paper embodies such a model and the 
‘Hamilton-Jacobian equation of the same can be solved to a certain order 
of approximation. A frequency-formula has been deduced ; but as the 
secundary spectrum of hydrogen consists of an extremely large number 
of lines, it is idle to identify each of these lines with some lines 
calculated from formula, at the present state of the subject. But 
as Sommerfeld has pointed out, some other features of the second- 
ary spectrum should be studied with a view to observing some regularity, 
-and if such is observed, any new ‘theory should be based оп them. 
Glitscher has observed’ that if the maxima inthe energy-diagram of the 
secondary spectrum are superposed on Balmer lines, then each 
Balmer line nearly coincides with a corresponding maximum. The 
model suggested here appears to account for this to some extent. 


In order to arrive at the proposed model we start from the genesis 
of the molecule. When two neutral hydrogen atoms approach each 
other, the centre of gravity of their nucle} is approximately at rest 
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or in uniform motion, since the masses of the electrons are small com- 
pared with those of the nuclei. Now since the mutual force between 
the nuclei is one of repulsion they would fly apart after some time 
unless some electrons intervene. Let us place one electron at the centre 
of gravity of these two nuclei, so that this electron moves in a practi- 
cally force-free field. The two nuclei will now describe closed orbits 
about this electron, and these would form an ellipse-verein or degenerate 
intoa circle. The remaining electron may now describe some orbit at a 
comparatively large distance from this complex structure. This com- 
pletes the model. 


The potential of this complex structure consisting of an electron 
and two nuclei can be shown to be approximately that of two centres! 
of force, Or we may replace the two revolving nuclei by a ring of 
electric charge and expand its potential ina series form. But it is 
immaterial which way we regard the problem, as itis the form of the 
series-formula that concerns us and not the numerical value of the 

* constants involved therein. In accordance with the latter view the 
potential is of the form, 


Veli RI I КО: 
? T т 


If we retain terms up to l/r? only and quantise the'htom in the 
polar coordinates of the valenoy-electron, we shallthen arrive at the 
usual Rydberg Farmula :— 


` 1 1 
=N NOEL мды P ay 
Ú (xa)! (p+A)* 


Now the term c,, is proportional to the square of the radius of the 
ring of nuclei. If we assume that this nuclear ring also ія quantised, 
then e, becomes a function of these quantum numbers. "Thus the terms 
a, B in Rydbergs formula quoted above, are also functions of these 
quantum-numbers. Assumiug that these: nuclei, each of mass M, 
describe the same circle with radius a, and have an angular velocity ш, 
the equation of motion is 
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subject to the quantnm-condition, 


Hence а = 
ve 


lt is show in Sommerfelds', Atom-bau, 2nd ed. that the constant а in 
Rydberg’s formula is proportional to o, and therefore to n,*. 


We now introduce the idea that when a quantum-radiation takes 
place, both the numbers п andn, suffer a quantum-transit, which 
amounts to saying that a re-arangemeut of both the inner structure and 
and the outer electrons takes place during a radiation. Under the cir- 
cumstances, the frequency-formala takes the form, 


= NR, _ N. e 
Y (nr kn, t): (p+kp.*)? 


where k is a snsall quantity of the order of m/M. 


This can be approximately written as follows :— 


° 1 тү п,* р, 

ys (i moe) WN tk (Prts ) 

From the expression for the radius of the nuclear ring, it is evident 
that unless n, is very large, this ring is much smaller than the one- 
quantum or two-quantum orbit of the outer electron. It is thus obvious 
thab corresponding to every quantum-jump of the outer electron, quite 
a large number of transitions in the value of n, is possible, and this 
will give rise to a large number of closely grouped lines. This accounts 
for the many-lined character of the secondary spectrum. Also the 
form of the frequenoy-formula at once visualises a close relation 
between the secondary-spectrum and the Balmer lines. For instance, 
if we put n=2 and p—3, this corresponds to a quantum-transit in the 
hydrogen atom which gives rise to the lino Ha, In the molecule 
however we shall get large cluster of lines somewhere near Ho. Simi- 
larly, if we put n=2 and p=4, we shall get another cluster of lines 
in the neighbourhood of Нр and so ón. Itus to be borne in mind that 
these clusters’ most probably overlap each other во that no well-defined 
line of demarkation exists between them. The net appearance of this 
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theoretical spectrum is neither that of bands nor of series-lines. The 
puzzling character of the secondary spectrum and its non-conformity 
to any class is quite well-known. 


Of course an actual calculation of these lines and their identification 
with the individual lines in the secondary spectrum will lead to no- 
where, but there are other features of the formula which lend themselves 
easily to an experimental test. os ` 


As already mentioned in the introduction, Glitscher observed that 
if the maxima in the energy-diagram of the secondary spectrum of 
hydrogen were denoted by the symbol H,', H,’, etc., then the differ- 
ence in wave-number between the above and the Balmer-lines ; t.e., the 
quantities H,'— Ha, H '—Ba, ete., were approxin.ately constant. 


Ы We сап reasonably assume that tho state of the inner соге of the 
molecule which corresponds to these maxima, must be the most probable 
states. Let n,--p, be the quantum-number denoting these most pro- 
bable states, Then it is easily seen that 


H,—Ha- №, Эка, $$) 


H,’~Hg= —N,.2k.n,* (2 -&) 





23 45 . 
H,—H,- —N,2kn,* (=~ 5) , ele. 

Hence the ratios of these are 

chop bor d 

“оз 35°93 43°95 Bs" ` 

22073: 0°91: 0:97:1: 
On the other hand from Ње energy-diagram we find :— 

Ha'—Ha: H,'—Hg: Hy—H;: . . 
-:1880:1470:1542:1052: . . . =0°84:089:095:1: . . . 


If the agreement between the theoretical and observed values is not 
quite close, these values are atleast of the same order of magnitude. 
We must make room for the possibility that n, may not equal p, ina 
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quantum jump corresponding to any maximum in the energy-diagram 
but may be slightly different from one another; this will certainly 
modify the value of the ratios to some extent. 


Tt is natural to expect that the complex core of the molecule is not 
very stable. It is thus obious that at low voltages, the spark or the arc 
spectrum should consist of the secondary lines emitted by the molecule ; 
and when the voltagó % increased, the molecule atomises and the 
Balmer lines should make their appearance. This 1s well corroborated 
by experimental results. | 


t 


There are reasons to believe that the resonance and ionisation- 
potentials determined by electron-collision (Horton and Davies) are 
not really those of the atom, but of the molecule (see Foote and Mohler's 
"Origin'of Spectra," p. 75). If we put n=l instead n=2, as in 
Lyman's series, then the ionisation and resonance-potentials of our 
molecule will differ from those of the atom by а quantity of the order 
m/M, Hence our model bears out the conjecture of Foote and Mohler in 
a striking manner. 


Vol, XIV, No. 1. 
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HIGHER ORDER TIDES IN CANALS OF VARIABLE SECTION. 


ve By 


NRIPENDRA Natu Sex, D.Sc. 


The only problem of higher order tides completely solved is the one 
considered by Airy? and McCowan? in which the section is uniformly 
rectangular. The object of the present paper is (1) to establish the 
exact equations for free tidal oscillations in canals of variable section 
and (2) to determine higher order tides in a parabalic canal.* 


2. Taking the origin on the undisturbed level and the axis of w 
parallel: to the length of the canal, the exact equations for free tidal 
oscillations in canals of variable section may easily be seen to be | 


E yd Š; b (B+?) «—0 ew (1) 
Ou ., Ow __ 1 Әр__, On 
. 5i T Sc ge g an .. (2) 


where w, 7, b, h, p are velocity, tidal elevation, breadth, depth and 
pressure at a distance r. 
8. Let b=b,,h=h, (1-5) , 80 that the longitudinal section is 
a 


a parabola. In this case, we have from (1) and (2), after a little 


simplification. 


ð tol gho 
д? a? 











_-3 дт . 1 8 ð 
(1—:*) = 8: Di (ка) 


h, Ө mE Ou 
prs Ө; (1—;?)« Bs 7 (8) 


tt 


1 Airy—" Tides and Waves” Enoy. Metrop. Art., 102, 1845. 
з McCowan—“ On the theory of long waves, etc.” Phil. Mag., Вегіев б, Vol. 85, 
260, 1893. | 
Also Lamb—" Hydrodynamics,” Ed, IV, p. 251 and p. 278, (1916). 
з This problem was attempted in a previous issue of this bulletin (Vol. X, 118. 
1918-19) but the solution obtained therein ig wrong due to the use of incorrect 


equations of motion, 
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where ^ 


Neglecting squares and higher powers of u and y, we have from 
(2) and (3) 


Ot a* Oz д: 
Quy 0 
9t Өз 
Assuming that y оо e tot ond putting 
o zn (n+1) go e (4) 
we have 
Š (1-2?) 97 +n (nl) y=0 

whence 


n=O Р, (2) a tat ° 


where n is to be integral since 7 must be finite when m= +a, te. gz +1; 
From (2), u= uo Р' (у e*t 


correct to above order of approximation. 


Now, substituting the above values of « and y in the 2nd order ` 
terms in (8) and neglecting third and higher powers of и, у and their 
differential co-efficients, we have after a little simplification. 


Ө озу n(a+1) Ө” 
a: a z ) Tu an 


=s 2 [2: P^,* (s)—8n (n4-1) P.G) Pale] e 7* 2. (5) 


ats 
Assuming 


n=O P, (e) t% + xk, P, Ge .—— (6) 
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where k, is во small that its second and higher powers сап be neglected, 
we have from (5) and (6) 


X k, [4n (n4-1)—7 (+1) | P, (2) 
ES 29 Š, [2z P',*(z) —3n (n+1) Р, (в) Pa(e)] .. (7) 
`y. 
Now, it can be easily proved that 


P', (z)=(2n—1) P,., (z)--(2n—5) P,., (z) 
+(2n—9) Pas G)+ .. (8) 
2 P', (=n P,(z)+(2n—3) Р,.,(:) 


+(2n—7) P.L, (z)+ ... (9)* 





m 
A,., А, А 
Al P. P, ЕО a 
° и A r=0 Anyar 
2(n+m)+1—4> ‚ 
аа) Тон sesar 0 0 09 
where |. 
тн. 
ngm and A,= d| m| m e (11) 


2; P',* (s) -Sn(n4-1) P, (z) Р/, (е) 
=P' (2) [2: P', (2) 9n (n--1) P,(2) ] 
= [ (@n—1) P... (6) (8—5) P... (8) T'9n—9) Prale) t] 
[—n (9n4-1) P, (z) +2 (2n—3) P,_, (z) +2 (n—7) P, _.(z)+...] 
= [Ban P,.-a()+B,,-,P,.-, (s) +...1 we (2) 


expressing the product of two Legendre’s co-efficients in terms of 
Legendre's co-efficients by (10). 


1 Whittaker—Mod. Analysis, p. 303, Result IV. 
з Whittaker, ibid, p. 324, Ex. 4. 
з Adams—FProc. Roy. Boc, Vol. 27. Also Whittaker, ibid, p. 825, 


` б па. 
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Now, it may be easily seen that 


B,,.,——n(2n—1)(3n--1) i, A 


3*—1 


B,,-,=—n (2n—1) (3n--1) . i Asi À, Ass 


3 CORN 
° 4 
+2 (2n—1) (8—3) exi Ажа —n (eu 8) (Зар 1) x Aes 


gangs Aguas 


B, n-as = mn (2n—1) (8%-Е1) #= A... À, Ars 


n- 


оу 4n—9 A.s À, А,., 
+2 (2n—1) (2n—3) duce s == 


—n (2n—5) (8+2) £= S 


Ld 
+9 (2n—1) (2n—7) uius 


15-5 


" 
+2 (2n—3) (2n —5) A,-s A... —n(3n+1) (2n—9) А. А,-, 


q SSS А, -b 
eto., etc., where A, is given by (10), 
Again by (8), we have 


4 [Biss Pissa t(z)+B,,-, Pls (z2)2-B,.., P,.-. (z) bee] 


=0,,., Paca (2) 0... Буза (г)+0,„— P cams (z)+... 
where 
Oraa = (4n=3) B,,-, 


t 


Ogna = (40—17) [B,.-. +B,.-,] 


j 
О... (4n —4j +1) aD В,.-,.+1 .. (13) 
r= 


t 
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~ From (7), we have 


gO? 


asas 


Sk, [4n (n+1)—r (r+1)] P. @= 





C, 1-37 Pesca; (z) 


|| ма 


which gives 
уба r+ =0 (00, 1, 2 ete.) 


gC’ 


K 2. C, n-a? 
зих—%) ao? 4m (n4-1) — (2n —25) (2n— 2741) 





where 


gel, 2 .. w. 
Hence from (6), 


E „у ot д. 907 > Canny 
т=О P, (z)e Tg 2. mmt (2n—2/) (2n — Sj 1) 








^ 


° NE UE E (14) 


where O,,-,, is given by (18). 


4 From (14), it is evident that the 2nd order tides are propor- 
tional to C* and their frequency is double that of the primary 
disturbance. If the approximation be continued it can be shawn that 
p'* order tides are proportinal to C? and its frequency is p times that 
of the primary. 


5. The following particular cases of interest may be easily deduced 
from the above resulta 


: oa? tot g Оз 21at 
(a) If n=l, te. a —12,92z0P,()e — Dia 





ist 5: 
(b) If n=2, гет =, n=O Р,(г)е mace iren „200 
° 


Bt 
0) H 0—8, ie 2 —94, 
(c) ah 


tot 2 ict 
п=0 Pyle) 503, DE E T 
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(d) H 2224, te OU mas, 
gh 


o 





iot сї 
С? 2750. 465. 31850 
mCP (ae бя ЕЕ си 607 za 
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Ох тне Propuct or BESSEL FUNCTIONS. 


et By 
K. Вазо. 


Mr. Abanibhusan Datta (Bull. Cal. Math. Soc., Vol. XII (3), 1921) 
found out ап expression for the product of two Bessel functions in a 
series of Bessel functions by two distinct methods but it was incomplete 
in as much as he did not lay much stress upon the coefficients. Tho 
present paper embodies a third method of the same, which seems to be 
an interesting and straight-forward analysis and attempt has been made 
so that it is applicable to any number of Bessel functions. The second 
section of my treatment involves a method by means of which one 
can effect indefinite integration of any number of products of Bessel 


functions. А 


Schinholzer established 





J (2) © = _ (~T ete tenth) qolin 
ру о TET Goks DE QG-En-F1)D Qr n 1) " 


for all values of р апа y Also Neumann proved 


ee Md 
(gites = сл ш, Jale) 


1 





whence 
tytn = (uty +2nt2r.(utv+2n+r—L)] 
(32) É = 2 а emer memo ce Jey ntr 


+= 0 
23,6), G) 


-5 = (—)*`Г_(и+у+?9в-+-1 [ 'и-+>+2з-+Е92-Е1)Г (uv 2n 4-7) 
a onlrl Г аа) Г Gn D)E Gor n E Y)D (uty 2n 427) 


Cr 





lI 


-Spty+ intr 


=0,7 Tus dud Qm EO 9 upra + Фе. ГА], 
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From [A] we can easily determine the coefficients 0,, O ,2,..2 , 
-3 


&c., in terms of serios of Gamma functions, In fact Q, is bined Dy 
putting n=0, r=0;0 by putting n=l, r=0; and т], n=0 and 
adding up the лы", In general B. is obtained by summing up the 
terms for n=0, rz k ; n=l, r=k—1 ..... ; nh, v-0. Thus 
o= [trt ú 
Га) CHI) 





“ge ЧЕН) í Del) pey ГУЗ) |, 


- of (tv?) (eHIT OF) Fr? T 0 +2) 


&o., &o., Фе. 


— [F(atv+21+1) Ç _ DekrEDTD (tv) 
mak Г (a+v+2k) COMIT (u+D P GE DE (a +v+1) 





j Lr ES) (trti l) 


+ ONG IF GAEDE OFAT a+r ED) ©з 





Г (a+v+5)[ (аи 02) 


EDIT («+З T (TSF GbE T 


+(— 





+(— 





joco Гау ОБГ (a+ Bh) „М 
НОТЕ (уз RED (atv EET) 


(k+1) terms in all. 


From tho general series for Q we can write down any coefficient, 
that is to say, for О, we take the first term putting k=0, for n we take 
the first two terms putting k—1, and so on, Hence the coefficients аге 
determinable and we establish 


caes 
3,603,607 Z Ü Tatter C 
Again 
со 
Р \ : у= De F 
(00 AOOO Z 0 O Iper G) 
=N., (2) J +L] 9. gl, OL bet (s) t... 


+0 ору (DT, 4 4 op (Othe. 
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Suppose 
J, (z) J, +L OLE CFM ә py O +... 


FO ot ape gy 0) + os 
Ji (03, e, af) opur p hue, pat ... 


PY Dt py pon 490) t Se j 


JA GHI, V +4()=90 yg uy O0 o Sra py pelt 


+0 gp ad eus po aoi 
&oc., &c., &c. 
JA 609, + coi ak hyper gy О o оу pu, oa o0 


0 oy a] eua e ap a 03e 
Therefore on substitution . 


J. (93,61 e) =p] O'r L) + MPO OL 


Ë HO ор ауф (2) +... ] 


J 


+o_,|[ 99,97 4, pv poU FD. ГОА 


+Ü aya] upra on! 4.9 F | 


+04 D aT рау 4 TÜ oa ppp +... 
YO oy gy ауа aO 5 | 
t sos &o., ` &о. 
A а Оооо уа 
ТИСТ О n ] 
+ Фе 


=a pup tO 97А pen) Т e+ eee РТ (г) 
+ ёо. 


K, BASU 


-28 
where 
A П 
| =No 
Q' 97090 3*9 3095 
_ ЖЕТ 
Mea оао а oon ¿Qp 
eto., ete., etc. 
O” gp — 99 _ op tO. VO ор туа 4D ong) ees 


+005000 


&nd во on ; that ів the new coefficients are expressible іп terms o£ series 
of products of known coefficients. Proceeding in w similar manner we 


obtain for (n + 1) factors 
° 


<J... 5 = (з) : | 
Jy OW G9, CQ Oa! Ten pk iG) 


TON d Po pa (z) 


‚ +&c., say, where the coefficients 0 0? , Q 02, ... аге determinable from 
* о “а 


! those of the product of n factors. The general formula is 


п Assn", 
2)— " 
ФА 00 CAP 2+21 


where = stands for Ay tAgt eB LJ: 


' 


From definition 
SD 42r 


* oo 
J (a= m(—)'————-—————— 
P pi 2 p+2r ir (p+r+ 1) 
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. 


whence 


,p+2r+1 1 


WD paene аы а) 
Ptr D (pprel) РЪТ 


"E 

J (2)d: > (—)' 
| p r=0 

mag, фіта 58+ ЕЕЕ ‚ BBY, 


where ар а а porn undetermined coefficients. Substituting the 


values of J p+r Ур+3' &c. in the above we find 


oo PHL 
J (zjdz=a | = (—)' |+ 
|, Ll о ` 2ptl+2r,I F рер) 


E S QPT3 | í (8) 
XIX + Фе. 2 
"imo аР+3+# офу) 








Comparing the coefficients of ;P "E P+ . &c., we obtain after necessary 


simplifications, 


ay=as=as=,..=2 
Hence ° 


Again 


со 
и —2 a+ y 2,0747 


= 3,099. | Juve WO AAT, gga aeta 


оо ос 
=0(02 2 ete herp 1020. 92 > J +490630) 


e 
T0. 48 Z pave erg ne) tte 
=200[ V pog (+J v8 (:) +: TOL 


+20. | Fg OHI pg OHI pg ple) tee... ] 


+20_4f Joy OHI ug OAT, L +L ole) + ae | : 
‘+ &e. I 


30 . к. BÁsU 


D 


£20. oil Seg nner TT aes pai a Hte |+&. 


š \ 
=9%0)oJ pprt A a 3 pyp a0 


T 2OY о, v+2k-F 109) + he. 
E { 
=2 E UY Laid, es ca Ө) 
where . . à 
(2)'9 =p, 


(9) ы +O и 


(Qy g= TQ + FQ ap de. 


Proceeding in а similar manner with the three-proguct integral, 
we obtain р А 


| Jy GM, (217, (0029 2 OY gud уру} 
where | (0,905, 
2} (Qj _ = оз» i 
CO =Q +O a _ 4, 
(9) 9, = 0% +0" 0". LO op, be. 
Henge, in general for (n-F 1) — product-integral, we establish 
| "PENES 
j. (©), (J. Ceea; е8 2 (9) m caa 9 


where & has the usual significance. 


5 1 


LONGITUDINAL. VIBRATIONS OF A HOLLOW CYLINDER, 


°° By 
JYOTIRMAYA GHOSH, M.A., i ` 


Lecturer, Dacca University. 


1. The longitudinal vibrations of a thin circular cylinder have 
been discussed at great length by Lord Rayleigh.’ А second approxi- 
mation (retaining terms up to the square of the radius of the cylinder), 
generally known as Pochhammer's solution, has also been obtained by 
C.Ohréé.* The frequency equation for a solid cylinder of any radius 
is given in Love's Blasticity. The object of this paper is to obtain 
the general frequency equation for a hollow solid bounded by two 
co-axial circular cylinders. 

2. We fake the axis of the cylinder as the axis of z and (r, 6, ғ) 
the cylindrical coordinates of any point Denoting the displacements 
by th to i , we may assunié,? as usual, 


ч = (ЕСЕР) 1 
1 А 
ugs Ve НЮ) e (0) 
А =e tpi | , 
; J- n 


In the case of longitudinal vibrations, we may р! [ =0 and take 
v M W independent of 0. We then have i 


=( ӨЧ gU шуу rtp) ] 
Е ( Qr fum е 2) 
"D 
NN ee gar OW Y (a: 4- pl) | I 
о, =o, =0, 2o= ( U~ z Je Ee ud 
( Ө? ) J 


where o has been put for vg 


* Theory of Sound, Vol, I, Chap. VII. 
* Quarterly J. of Math , Vol. 21 (1886). 
* Love's Elasticity, Art, 201. 
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The equations of motion in terms of A and o are 





aA, lð, ya 
i Poo А =0 
Өө 1 до o А 
EY Tq Әз == th w=0 . 
° 


where À*— m. —a*, k* = р?р —a- we (4) 


The solutions of the equations (3) may be written 


хе f A'J (i^ B'Y (h) | aire pt) 


"e (Cn +DY,k) | reb pt) J 
From (2) and ,5), we have 
QS EA АМ (н) EB Y (lh) 


taU — M 


T 


=0'J Ger) + D'Y (hr) 
These are satisfied by 


U-A 2 Jon -- B Š Y In Сај, (kr) + DaY , (hr) 


W =Ата J (hr) + BzaY , (hr) 4 (6) 

„© S i. opp $5 1) 1 

F, T v Ji) Ç + dE d ғ) 
where К І 
А = — A ; B=— B 
h* +a? h? -- a? 


v и 
C 2C 2D 


= Foy pe (и +аз); 
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The tractidna across any surface +=.ane given by 


m= NA --2u Ou, 
Or 
ALAJ (hr) +B'Y, (Ar) ] 


+9 Š [4 Š 7, (hr) Cad, (I) +B Š, 3, Qr) -DeY (o) |] 


which, after simplification, 


=A FAI (в), (ir) | +B I NY , (hr) + ET (hr) j 


+ A (i, 0973,00 ] + 2 f АҮ 9 (Ir) — Y , (kr) ja 


0—0, 
uu ov] 
=Í 294-9 87 


оор $202, (hr) -2D'Y (e) +2 A | 


which reduces to 
> 
£pi À. 2ahJ, (b) +B. 24Ү , (hr) +C(k* —at)J (er) 4+D(k* —a3). 
Y, (kr)}, 
in which we have put 
X —A(R3 +a? )— 2yh’ 
p =: 
3. The notations for Bessels functions used in this paper are those 
of ‘Gray and Mathews and in ће simplifications involved in the follow- 
ing processes, use will be made of the ordinary recurrence-formulae! 


for the functions J,(#), У, (ж), J.’(2), Ya’ (£) and some others derived 
from them. Use will also be made of the two theorems: ! 


G) Jeu (2)Y«(9)—2. Y.) 


І 
m 


(ii) Ja (а), (2) –Ү,(а)7, (а) = 


1 Gray and Mathews, Beasel’s Functions, pp. 18, 14, 16. 
Nielsen, Theorie der cylinderfunktionen, p. 24, 
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Oase T.— BOTH BOUNDARIES FREE. 
4. If the boundaries r=a and r—b are both free from tractions, 
we have the following conditions :— 
, , 
al XJ, (ha +87, (ha) |+в [ N'Y (ha) +E Y, (ha) ] 
= $5 


+ C ад, (ka)~J, (а) ]+ 5 * [ тах, (ka) — Y. (Fa) 1 


al NT (b) +E J, (hb) 7+8 [ AT (b)+ Y, (hb) ] 


+ Г: [ кы) ES ae] + 2 [ WY (kb) Y, Q9) | =0 


A2ahJ, (ha) +B.2ahY | (ha) -+O(k* —2*)J (ka) E D(k* —a*)Y (Ка) =0 
A-QahJ, (hb) +B '2ahY , (hb) + O(kt —a3)J , (Kb) + D(A* —a*)Y , (kb)=0 


Eliminating the constants A, B, C, D, we get the frequency 


equation— A 


NI (ha) +E 1, (ha , NJ, (hb) m J, (Ab) 
XY, (ha)+ P Y,(ha) , NY (hb) + Ey, (hb) I 
5 13,09) — T, (ka) ] "E (103,089) —1, 0) } | 


$ Гау а) ү.) | , — 2 [uv oo] 


2ahJ , (ha) : 24hJ , (hb) =0 (7) 
QahY (ha) " 2ahY (Ab) 
(i ав), (Ва), (P—a*)J, (Rb) 


(д —a3)Y (ha) Р (kY — a? JY, (kb) 
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or, 
f NI (ha)+ EJ iha} 1— {А (в) + E J (hb) ju 
4.2243 , (ha) UL — 905, (hb) IV —0 
where . 


, 
I= (NY by +E. ¥, (a2) } (иа) + ah (k* —a* ) Y, (ha) 


2 5h a 3 
‚а-о Y, 08) Í WF в, +, } 


u= | VY a) +# ¥, (ka) | (#08 )*Fy b, 


а, (ha) * (k* —a*) карь, Fas, } —2ahY (nd) (В, —a") 


Hic- (X, 02) Y Qo) | itat) 


- {vy (hb) 4- Y (Ab) | а (42a?) L Р, Е 
R b à 2 a aab, єў, | 
a? 
+2ahY, (Ab). f аР р Р, р Мар, р ФЕ, р | 
== à E a(k* —a*) 
Ive (Vu) Y (ha) } кета въ Еа} 
or (NX, 0045 Y, Qa] Фа) _ 


a? (, ; < 
+2ahY (has {навр p RUE, b, ка Fa | 


where 


Р =— Fp а, 59 (4), (А) 3, (0)Y (ka) 
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The frequency-equation may be finally put in the form! 


E] д 9 í 1 1 
( k* —a ) Paa L MtG, p АИ Gabi +16, } 


ts 
M 
+ ab б, ] 


2a* з a ES ! и | 
+ s ( pu \f т в, Ва, ) (Gu tE Gab, 


m T ; E 
(ks aa) {Как р. Ek Live, a TE 


* 


E 
a 


4 fat 





LLL +P, b, i Fab, 


4a*(k* —a?) I 
жы укытсын =0.. (8) 


where 


= 8, a, Z7- 0a) Y (90) — 3, (ADY , (ha) 


Casu II.— ONE BOUNDARY RIGID. 


5. If the cylinder be free at the surface r=a and rigidly clamped 
at r—b, the boundary conditions are 


al NT (ha) + J, (ha) |+в [ NY (a) +É Y, (ha) ] 


+ 3 [ taJo(ka)—3, (ka) ]* ре [ kaY , (ka) —Y (Ка) ]=0 


A2ahJ , (ha) J-B2ahY , (ha) + O(A* —a3J, (ka) + D(k* —аз уу |(Ка):=0 
АЉЈ, (hb) -+BRY , (hb) — Сај, (kb) —DaY , (kb) 0 
Аа, (hb) + BaY , (kb) + OkJ (kb) + DEY, (kb) =0 


' Here, ав also in other cases, the actual process of simplification being rather 
long, the intermediate steps have been omitted 
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Eliminating A, B, C, D, we have the frequency-equation 


Ma) 70а),  2ahJ, (ha) 
[А 
NY, (ha)+ EY 1 (ha) . 2ahY , (ha) , 
.? 7 
5 fkaðo(ka)—3 (ka) } , anI, (а) , 
5 f kaYo(ta)—Y, (ka) D, (аә), (а), 
a 
hJ, (hb) E aJ, (hb) =0 
hY , (hb) ; aY (hb) 
—aj,(kb) , kJ, (kb) 
LÀ 
—aY,(bb) , EY (kb) 
After simplification, this equation will reduce to 
оа? _аз(да—а2) _ Р ; p! 
"b ^ ab д, e, b, Q0, 9 tE 44,5, } 


а"), p, AGa, b, +E EG s pem a, 


LP Fab, j 
Zath 


+ а Fab, (RE, 5, EE j = ит ©) 


6. The equations (8) and (9) do not admit of exact solutions. 
Approximate solutions by trial may be obtained for assumed values of 
the ratio a:b, by making use of the tables for the values of J (r), Ј, (2), 
Ү,(а), Y,(s) The actual work of caloulation will of course be very 
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complicated. The tables of J, (u) and (4) are piven by Méeissel! and 
those of Y (.) and Y,(*) by Airey.” This method has been adopted 
by Mr. Southwell’ in the numerical calculation of some of the approxi- 
mate values of the period in the case of the transverse vibrations of 
an annular disc, where, in addition to the ordinary Bessel and Neumann 
funotions, the corresponding functions with imaginary arguments also 
appear in the frequency equation. 


Case lII.—THIOKNESS OF THE SHELL VERY SMALL. 


7. When the thickness of the shell is very small, we may write 
a+da for b, expand the functions containing (a+da) in ascending 
powers of da, and, toa first approximation, neglect all powers of da 
beyond the first. 


Performing these operations in the equation (7), we obtain the 
frequency-equation for a thin shell of radins a in the form 


Мл, (ва) EJ, Qa) 2 ХЪЛ), а), 


NY (ha)+ EY, Фа), -NKY (ha) EY, (ha), 


akJ ,'(ka) ak? J ,"(ka) | 
аКҮ ,'(ka) ‚ айз Ү ,"(ka) : 


9\7, (ha) i 2ah*J (ha) =0 
2ahY , (ha) ç 2ah1 Y ,'(ha) 
(k* —a3)J. (ka) , (k* —a*)J,'(ka) 


(ka —a*)Y, (ka) `, (Ка? —a*)Y,'(ka) 


1 Reproduced in Gray and Mathew'a Bessel's Functions 
? Rep. Brit. Assoc, (1914). | 
: > Proo. Roy. Soc., Ber, A, Vol. 101 (1922), p. 133. 
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which gives 


— ау, Qa) rho). Qe) | 


+ hale’) | 1.03, ha) 1 Ch, (10) ! 
ee 


Qi ea añay 0891, a) | 
Phat bX (е ае) | Saba, Qu) -3, Fo | 
Quee | Jo(ha)Y,"ha)— J," ha)Y (ha) | 


puru) (лт), (ha) J , (hà) | 


Bueno e?) | =J, (ha; Y (ha) +J ОЛ 


Iatha —a?* ` u 
Aree | 3/00), м), би), (Ы) | 


+ 4e*h** H | Gar, a= бюл, м) | =0 
where | | 


Н, (ауу (Qa) 23, G2) Y (ы) 
-4[ (o9 11.00) (-5 09x09] 
E { у.а) Y, (ka) } { ~35,(ka)+3,(ha) } ] 
=+ 8 {5 00x«09-1,091,09 } + Слаў, (а) 


Yolka), (a) } +z (3, (ka), (а) —J, aY, Ga) 1] 


1 1 


ha Зд 
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This ean be further simplified into 


E (ki—a*)*N* | ОМ (kt —o3)* ES —at) 
Каз kh*a* hha* 
еы 1 


а ka Esas 


4 Nat шал" —о*) _ QX asha (ktat) 
а* л; 


a? а? 


+ 





me ( 1 1 ) 


a ka за? ; 


__@р'а? (k* —a*). o 
a^ e 
or, multiplying throughout by a^. we have 
a? [rim —2Nath* Qo —at)— AN kat ktat) (е ан) i 
tarf E, On cen eurer Gen) 1 . 
IE I^ (à —a*) +2 Nat (lat) Va date } 
AM k 


T 2p'a* (k* —a*) —0 


If the tube is of very small bore, and we may neglect all powers 
of a beyond the first, the frequency equation is 


а f Tas a) + 2 Ma* (kt ан) + 20a" — dat he } + 9p/a* (k"—a1)=0. 


My thanks are due to Prof. S. N. Basu, at whose suggestion I took 
up the work. 
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А GENERAL THEOREM FOR THE REPRESENTATION OF X, 


Р. 
WHERE X REPRESENTS THE POLYNOMIAL p " 


Bv 
Panpit OUDH UPADHYAYA, 


Lucknow University Research-Scholar. 


(1) It is a well known theorem that if р isan odd prime and if X 


representa the polynomial vo there ів a remarkable transformation 
of X, which may be expressed as the identity, 


#—1 


° AX=Y:—(—1) opt 





where Y and Z are polynomials in ç with integral co-efficients. This 
identity is kpown ns Gauss's Identity and much has been written about 
it by different distinguished mathematicians including Gauss, Legendre, 
L. J. Rogers, G. B. Mathews and others. 


There is another identity 
27X=f (U, V, W) 


where U, V and W are rational integral polynomials in e, This identity 
has been given by Mr. Eisentein. Without knowing Mr. Eisentein's 
result’ I discovered the same identity in a different form. 

The object of this paper is to show a general method with the help 
of which many other formulae of similar type can be easily discovered. 
The well known Gauss's identity and the cubic identity are only parti- 
cular cases of this general theorem. 16 is believed that many other 
general formulae of transformation will be obtained later on. 

This method can be usefully applied only to those values of q for 
which the cyclotomic section has been completely solved, 


1 J did not know that the same problem hnd been worked out by Mr. Eigenstein ; 
it has just been pointed out to me by a referee of London Mathematical Beciety, ` 
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Throughout this paper I have adhered to the notation of Mr. W. 
Burnside as given in the Proceedings of the London Mathematical 
Society, 1915. 


(2) Let X,, X,, X,,., X, be the period values of cyclotomic 
q-section, [I mean that X,, X,,...,X, have the same meaning as given 
by G. B. Mathews in proving the Gauss's identity], and let it be supposed 
that 70, 71, 34,...7,-, are the rocts of the period equation. 


(8) I have taken the following notations from the paper of Mr. 
W. Burnside : 


'p is an odd prime 
q is an odd prime factor, and p—1- gt. 
w is an assigned primitive p'* root of unity. 
а is an assigned primitive root of the congruence "7! —1 (mod p). 


В ia an assigned primitive root of the congruence 8*7! —1 (mod. g). 


Each of the p—1 primitive p'^ roots of unity is included just once 
in the form 


alt** 


(20, 1,..., 1—1; r=0,1,..., 4 —1). e 
Pnt 


Lmi— 
A, o 1:0. 1..., 4—1). 
E ( q—1) 


Each A, consists of the sum of t distinct primitive p'* roots of unity, 
and each primitive p'^ root occurs just once in one of the A’,s. When 


o is replaced by o^ , each A, remains unaltered. When o is replaced 


by o^, A’,s undergo the cyelical permutation 
(A A, Agee) 


If о! is any root occurring in A,, then 


e=0 


In particular since ¢ is even, if A, contains o! it will also contain w~? 


. 


A GENERAL THEOREM FOR THE REPRESENTATION 48 


When : is replaced by B,, the A’,s undergo the permutation 
( A, А,...А,., ) 
А, А, А.в...Асе-1)в 
where the suffixes are reduced (mod. д). This leaves А. unchanged and 


gives a regular circular permutation of the other А’, ь. 


If A, and A, are two* distinct A’s and if the product of A, and A, 
is formed without reduction, t.e., without taking account of the relation 


1+w-+-o? +... -o%71=0, 


it will consist of the product of ¢* primitive p'* roots because o' occurs 
in A,, then œ?! does not occur in A,. Moreover since A,A, is un- 


altered when o is replaced by us. the product can be arranged ns the 
sum of a number of A’s. 


Hence 


ki 
À, A,= = C, А, 
k=1 
where C's are zeroes or positive integers, such that 
' k=t 
б = С 12K =ч. 
Asal 


The product 
k=t 
A,t=i+ E C, år 
k=l 


where again the O's are zeroes or positive integers, aud 


bt 
Ss 0,,,=t-l 
k=l 


(4) In particular, the square, cube, etc., of A's can always be 
represented as the sum of A's It follows therefore that it is always 
possible to represent the square, cube, etc., of 99, »,, Nasen aud 7,_, 
as the sum of a number of 70, Nis 9»,,.... and y,.,- Thus we can form 
q equations which can be always solved uniquely because they are linear 
simultaneous equations in 


Nos Mrs Maree BDA уу-у 
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Therefore X,, X,,..., and X, can always be expressed in the form 
ОФУ Wy +... + М. 


where U, V, W,...M are polynomials in « with integral coefficients. 
What has just been established shows at once thatthe following is 
always a possible operation : 


X, =U +V + Wao? 4 Mfr 
X,=UÚ+YVn,+Wxn,*+ +My. 
X =U + Уз, + Wy? +... + Mq, "2. 


... 


X,=U+Vn,-, tet Mg. 
Now it is well known that 
XzX, X, X, X,. 
=(0+ Vg, Woo! + + Mgr") х 


(+7, ++ +M) Xe ° 


" x( U-- Vg, М Мт. ) 


3 
{U AVMA Nea FW Ma Iya bee 


Медо hg tg tops w» (А) 
the symmetric funotions involved in equation (A) can always be deter- 
mined by the method given in any standard. book on theory of equations. 

Caleulating the symmetric functions in the equation (A) and substi- 
tuting them in it we find the required formula. Now this general 
formula will be applied in two particular cases in order to illustrate 
the nse of this method. 


When q—2, we get 
X=X, X,z(U- Vy) (U+ Vy) 
=U" + Үзө, +UV(no +71). 
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Substituting the values of y, 7, and no Fx, from the theory of 
cyclotomic bi-section we get the well known Gauss's Identity. 

In order to prove the theorem when g=3 let us put for X,, X, 
and X, their values corresponding tó cyclotomic periods. Let us 
suppose that т, 7, and у, are the roots of the period equation 


т te Pdl : 1 (ва pee? )=0 


where р is а prime number of the form 65--1. Then X, is а polynomial 
of which the coefficients are symmetric functions of the roots of X —0, 
the sum of which makes up 7,=0,. Similar statement holds good for 
X, and X,. 


Let us suppose for в moment that %4, 7, and у, are subject to the 
same conditions which are true for y, апа m, in finding the transforma- 
tion formula 


4X -Y:—(—1)5 yz. 
Then it is evident that the coefficients of X, may all be reduced to the 


form aby: Similarly the coefficients of -X, and X, can also be 
represented. 


Therefore we have identically 


X,=U+Vy,, 
X, =U + Vn., 
X, =U +4 Vi, 


where U and V are polynomials in w with integral coefficients and. 74, 
n, and y, are the roots of the period equation 


3 | —p—1 -«( П "x )- 
Peps md ра + =0 


^ Х=Х,Х,Х, -(U4 Vq,)(U-- Vy, (U--Vz,) 

=U: + Ey UV + S707, UV? gg? 
z(3U-—V):—pV*(9U—3e'V —V) we (1) 
Let us now suppose that the condition to which the investigation 
given above is subject, has been removed and let З be a factor of p—1l; 


because p is a prime of the form 6n+1 this operation is always possible. 
Let it be supposed that t= £34, ө a primitive pth root of unity and a 
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a primitive root of the congruence 2" 1-1 (mod p). Then each of 
the p-1 primitive roots of unity is involved only once in the form 
edz A 
a (22:0, 1, 2; s=0,1,..., £—1) 
Co - 
x=t-—1 i433 
Put А, = а (22:0, 1, 2) 
a=0 


w eo 


Then each A, consists of the sum of ¢ distinct primitive pth, root of 
unity and each primitive pth.-root occurs only once. It is very well 
known that the product of A’s can always be represented as the sum of 
A’s ard hence in particular the square of A’s. Hence it is always 
possible to represent 7,7 as the sum of 7o, 7, and n. 


о mage + by, +n, .. (B) 


where m, a, b, and c are integers and some of them may be zeroes. 


From the theory of cyclotomic tri-section it is evident that the 
roots mo, 7, and y, are connected by the following linear relation :— 


Jo + 0, =—1 | © ow (0) 


By the help of the equations (B) and (C) it is always possible to 
represent y, and т, in terms of 9,?, 7, and some integers. e 


ASK, can be represented as U+Vy,+Wy,* where U, V and W 
are polynomials in œ with integral coefficients. 


Rimilarly 
X, =U +V, + Wy, š 
and X, =U +V, + Wn,* 
QX2XQXQX, 
z(U-F V Wy, *  (U- Vy, -W,*) (О Уо, УУ, з) 
=U: +U? V (q +n, 0,)-F US Wmo" +n? +n”) 
HUV? (ел 1903 +1192) + OW? (9079, *  95*,? 
Tut? 
T UVW (1,935? 09? 0990, 0,05 94? 014?) 
$V отт, БУУ o° 099; 79a $0719") 
VWE (NN? 47 9*91 7, HNN) HWN a" 


À GENERAL THEOREM FOR THE REPRESENTATION 47 


Now calculating the “symmetric coefficients Suo Ən, SNN, ete. 
and substituting the values in the equation just obtained and simplify- 
ing it we get 


97X —97U3 —97U* V + (18p--9) U*W — (9p-9)UV* 
—9( ва PP, vw а-ин =. | uw: 


° 


+3( pa Pl )vs 
—3( po +E jew-o-u( pa Pl yw 


1 ry p—l WS 
+3( p+ s) 


If in this equation W becomes zero, then this formula reduces to 
the formula (1) obtained above. It is evident that the value of U сап 
not be equal to zero for any prime and hence we can not obtain any 
formula by “supposing U to be equal to zero. It is also evident that 
whenever W is not zero, V algo can not be equal to zero. 


Now фо establish this theorem in the case when g=4 let us put 
for X,, X,, X, and X, their values corresponding to cyclotomic periods 
Let us suppose that у,, 7, 7, and 17, are the roots of the period equa- 
tion of cyclotomic quarti-section. Then X, is a polynomial of which 
the coefficients are symmetric functions of the roots of X— 0, the sum 
of which makes up 7,=-0. Similar statements hold for X,, X, and X,. 


Tt is possible, as in the previous case. to represent 7,*% as the sum 
ОЁ mo, 71, 7, ann т, 


Hg? =m ато +by, + сз + d$, we (D) 
and По mags thy, ет +? ew (E) 
where m, т, a, a’, b, U', с, с and d. d' are integers, some of which may 
be zeroes, 


From the theory of cyclotomic quarti-section it is evident that the 
roots Nos Wis 3, and у, are connected by the following liner relation :— 


Noth +y,+7,=—1 see (F) 


By the help of the equations (D), (E) and (F) it is always possible 
to represent 7, and 7, in terms of 49°, 49%, Yo and some integers. 
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- X, can be represented ns U+ Vn; + Wo "+Y, °, where U, V, 
w and Y are polynomials in æ with integral coefficients. 


Similarly 
Х,=0+У%, Wm +Y, 
X,—U-E Vy, Wy," +Y", 
and X, —U-F Vn, + Wy, *' + Ym, °. 


` X=X X,X,X, 
=(U + Vya + Wo? + Y0 Ub Vy; + Wy, * + Ym, *). 
(U -- Vy, + Wy,* + Y, *)(U Vo, + Wq, * + Ym, °) 
= 4 UV Sy) EUIWE HUNE UV" E, + 
UW? Sy 0 UY! Sy, m UT VW! H 
U* VYEq ` + 
U' WY £y, m’ + UV Sons UVW Enn h+ 
| ` ҮЗҮ Бы, + 
UVW’ Smmm -UVY* Son n + ° 
UVWYZ5,9, °% БОМ? Èn" Hg" + 
UWY Spm m UWY Sy, зу р, Y+ 
UY* Zo, зт, ne? + Vom, + VY WEN" + 
VY Ennn + VW лүү", + 
Vet Enon HV WYE + 
VW*Zg7,*7,*)7,' AVW Y Eno 4 
| ҮЙҮ? у, *5,*9,* + 
VYE: -W*9,9*5,?9,*0,* „ҮЗҮ Й 
Е | No N *9,*9,* + 
W*Y* ЫТЫ TREES WY тоб 0, 0, + 


Ү 0%, N Na `, 
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Now caloulating the symmetric coefficients Юу, Жуу, eto, and 
stibstituting the values in the equation just obtained and by simplify- 
ing ib we get | | 


X zUf—U*V -(1—29)U*W 4 (39 —3r—1)U*Y + 
qU* V* + (q* —2r--2:)U* Ws + 
(Se q* $318 — 897 — 895) U3 + 
(3r—9)U* VW + (q—29? —r4-43)U* VY + 
(2r—g* + qr— 55) U WY —7UV* + 
(r* — 29:5) UW* + (8grs—r* — 88% )0Ү + 
(448+ qr —3s—8r*)JUV WY + 

(r—4s)UV*W +(2qr—++8)UV*Y + 
(3s—qr)UW*V + (2r? +gs—q°r— 5er) UVY" + 
(2qa+sr—+*)UW*Y + 
fqri—2gq's—sr+4 UWY: VA VOW O 
(s—2qs)V 5 Y tqs VIW’ + (qY —2r-- 29) V * Y ? + 
(3er—qe) V* WY —srV W + (sr—4s* VW? Y + 
(3 —qro) VWY* + (es 5g) VY HW: 
—s WY stg WEY Үз +e Y+ 

or 256X =f(U,V,W,Y) 


It should be noted here that tle period нз of cyclotomic 
quarti-section is supposed to be 


nt ty + +7 +8=0 ; 


and all the symmetric functions involved in the quartic identity given 
above have been expressed in the terma of the coefficients of the period 
equation. The coefficients of the period equation, however, can always 
be determined by the formulae given by A. Oayley, V. S. Le. Resque, 
Oharlotte Angas Scott, W. Burnside. | 

Putting g=5, 6, 7, eto., we can obtain as many identities ав we like 
but the оор" of symmetric functions involved рин unmanage- 
able. " : ° : : 
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I have calculated the values of U, V, and, W for the primes 13: and 
31 inthe cubic identity given above, Similarly the values U,.V and 
W for other primes oan also be calculated. 


=- | -` Cilenlatioh m the. prime 13. 
Tt is well known that si š i 
тоф" Боз фоб, 9% 


3,720? b o? Бо? фо, 
and 9,472019 kaj. Ás о, | 
We may take any of them. Let us take the first 


Then Ç А 
(9 0)(2—0*)(z—6!*)(g—o^) 0 
ato? + (9, 8)23 5,841550 
Ys ott а =—1 e (0) 
No? ==, 29, +4 bs e (2) 
Solving the equations (1) and (2), we obtain > 
| m e! +n 3 2 
and | | M =—һ t= ta | š 


@* —o L ost —— Е. 


In this case we ө йо not Sende the deus of y. C 
Umat hl. 
V=— r 4z? —a, 
and eii- ` aea’, Was. 


If we substitute these values in the cubic identity “we find that the 
identity is satisfied. 9 gu 
As this is, an dex dd we may pu + EL 


wid thbn ` | 
E 
D DONE Я ES " 
Pas + i Ч Ү=—1, Ë 
and W=1. 


€ 


27 x 13=227{14149—4—74144.141—441}, 


“Substituting these values in the identity we get > N i А 
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'JOALOULATION FOR THE: PRINE 81. 
поо +" +a? otto 0*9 of fol? pater, 
5, 79? wr? oli or? tt оз * o1 * фол фое +07, 
and 54 770? - 9*9 4-939 fol 3 kole 9*3 4-95 4-91 1 4 915 E a, 
Then (e—o)(2—0379 (4 —o'*)(5—o*9)(s—«5) (2 —0*?) 
X (37 ot) (a—w!*)(a—w*)(a—w?*) =0. 
Sai cast (то 2s +g +5)e* — (Sg +9, ара) 
+ (10+%6 +89, +79, ) t° — (9ле 79, +97, +2) 0° 


04да +87, Hm) 29 (So ЁЗ А4)? > i 
EG Es +29, т)" 0010. 
A E Blu 2 >or MEE LC 
uo... us tot OFS tnt O O O 


‘Solving thé equations (1) & (2) we obtain | эу; zs 
Mum i 
m=, 
and TU D т: Bo B v de 
tae dns Ee 
Substituting these values we get ` ' | 
2,19 —2no 2° + (39* —179)4* + (09? — 300)? + (no * — 59, —2)a* 
+ (29, * —29, —2)2* + (9, * —59, —2)a* + (9, * —99,).e* 
+ (бз о)" — 255-9550. 
4SU-2,19—9,5—995 — Dnt 42, 


Vm o—9,9—45—8., —529—2,4,5—55*-—34* а —2e, 


and W zza* Fa? ci + leo + ot a? fat” 
Now putting r=1, e 
Tast, 
V=, 
and oe W=8 бз 
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Substituting these values in the cubic identity we get 
27 x 31 =27 x 4( --8 +964 672 +11520-—-5376 —14848 
—110592— 36864 4- 32768 +- 122880}. 
Here also we see that the identity is satisfied. 


QUARTIO IDENTITY, 9 + - 
I have caleniated the values of U, V, W and Y for the primes 18 
and 17, which for other primes also can be calculated in 8 similar way. 
For the primo 15. 
The period equation of cyclotomic quarti-section for the prime 13 is 
tg! 279 —40+3=0. 


The value of quarti-sectional period equation for each prime under 
100 has been given by А. Oayley in the Proceedings of London Mathe- 
matical Society. And for other primes they can be ecaloulated by the 
formula given by Miss Scott in the American Journal of Mathematica, 
VII. ° 


The formula is as follows :— 
at ty? 0р1) 1+ тр (p — m) — 1+m)]n ° 
—A{p(l—m)* — (l+ m)* =0. 
But in the quartic identity given above we bave supposed the period 
equation to be 
qt + 7° +g 479 H-5—0. 


Hence 
q=—{i(p—1) +14 m}, 
r= ${p(l—m) — (1+ m)}, 
and eM s= —dp(l—m)* — (l4-m)*). 


It is well known that 
No 7 9 0? + o, 


m =u" фо fot, 
$4 720* +019 4-919, 


and y, = фо! fa’, 
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Then (2 —)/2—o* Va—w®)=0. 
E а дов +y, 2—1-—0 
о + +з +n =] e (D 
37,7F 29, —9,? =0 š . (2) 
о +37, 99, 36—70° =0 6) 


Solving the equations (1), (2) and (3) we obtain 


y= 3—21, =o" 
А 8 


Here in this case we do not require the values of 7, and ys. 
22—001 +m | 2—1—0 becomes 
За? —99,«* + (8—20, —95*)a —3=0 
ЇЇш=865-Ь8ь—8, 
V z—(32* 4-20), 
W :=0, І 
and Y=—z. 
Tf we aubsgitute these values in the quartic identity we find that it 
is satisfied. 


Now if we put «=1, 
> 


and Y=-—1. 
Substituting these values in the identity we get 
13=2[81+195-++-0—459+450+0+68389+0+450+0—1500+0 
+105-+0+0+675+0—1710+0+0+1875+0—1125 
+0+1850+0+0+0--0+60+0+0+0+0+27)] 


Calculation for the-prime 17. 
The period equation of cyclotomic quarti-seotion for the prime 17 is 
I 0° +a —6y* —y+1=0. 
And Qo =o +u +o? ot, 
m= otto * "p? *, 
3, 770? Fol? Баб Hot, 
and 9, 701? +0: +07 +o, 
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Then 


(z—o)(e—o15)(z—o!*)(s—9t)-0. 


tet? + (2+7, je" — w +1 =0. 


7o +7 +n, 0,——1 
70% =n, +2), +4 (2) 
zy, 4-7; 39; +3, ° ° (3) 


Solving the equations (1), (2) and (3) we obtain 
M (60, —3—,?). 
Here we do not require the value of n, and 7,. 
a*t? + (24-9, ) 22—92 4-120 becomes 
at — 51% (69, 1—72) —4,52--1—0 


or 22+ —29, iv? + (By) 1—15) —29,e 4-2 2:0. 
U-9a*4z*49,- 
Vu—2,*-6í213—925, 
W 0, 
Y=—w*. Б 


If we substitute these values in the quartic identity we find. that it 
is satisfied. ` ө 


Now if we pub 2-1. 


and Y=-—1,: 


Substitating these values in the identity we get 
17=y,{625—250+-0-42000—600 + 0~5250-+46-+3650-+4+0+40 
+0—80-+0-+0—280 +0-+370+0+0+16-+0—104 
+0+160+0+0+0+0—26+0--0+0+0+1]. 

The quartic identity may aleo be looked upon as general. formula 
in quartic forms, because with its help any number of primes of the 


form 4n-+-1, where nisa positive integer, can be represented in a 
quartic form as has been shown above. 
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-- .*ON- THE. COVARIANT CURVES OF A SINGULAR 0-40 ” 


PPS > 4 


NET : B. 8. Massivimio, M.Sc. 
(Bangalore) 
: 5 


M. LAKSHMANMURTHI, М.А, 
(Fisianagram) í 
$ 1 


^n dea," mo representa an algebrats curve of the at. degree, ` dta 
Hessian, Steinerian and. Cayleyan are represented by covariants of the 
form j and are therefore called covariant curves. , There may, of course, 
be other curyef wbich are also represented by а of the original 
quantio ; п put- ain, view of the simplicity , of the relations which. 
those curves bear 1o the , original and, ; the ‘detail in which 
they die been studied, wo shall “throughout be dealing with 
them, ‘alone - whenever. we, š speak, ;of s. covariant | curves. Many 
beautiful properties of ` these curves have -been | established? but, 
the central problem in regard to them is however ‘the determination 
of their Plucker's numbers. "This ^ problem `“ has ‘been completely 
solyed:and the. Plu¢ker’s numbers of. the. cov&riant curves tabplated 
in most: of, the. standard treatises.on the subject," for the case. where 
the original curve ів non-singular. But when the given curve is not 
non- singular-, no attempt . seems to have been made to caleulate 
systematically all the characteristics of the three curves nor, is this. 
surprising, in view of the fact that im addition to the order of each 
curve we have to ке directly two characteristics of each curve 


a For ns Zeuthen has considered the curve Snel: by the tangents, 
of the first polars of y (point of Bteinerian) at the double points. See . " 
Or5BscH AND LINDEMANN : Lecons sur la Góomóirie, — 


Fr. Trans. t. 3; Ob, 1; IV. ; 
7^5 Side Olebach-Lindemann ; Ibid Oh. I; Section IV. also к -Higher Plane 
Curves . pp 868.8. 
* Bee Encyclopadis 4 der Hathomatischon Wiss, $ mg T No. 7. PP 830-42, 


56 B. В. MADMAVAHAO AND M. LAKSHMANMURTHI 


or the deficiency of any one! of them and one other characteristic for 
each directly. Only some scattered results seem to have been obtained 
in this direction. We have attempted this problem here and believe 
that we have been able to solve it successfully. 


Coming back to the case of the non-singular primitive curve, it has. 
been pointed out above that the problem of the determination of the 
Pluckerian characteristics has been completely solved. In fact there 
аге two distinot methods by means of which this has been achieved. 
We shall briefly indicate them here. 


1?. SALMON’S METHOD: Assume that the Hessian has in general no 
double points. The order of the Hessian being known a priori this 
assumption enables us to calculate all its characteristics as well as its 
deficiency and this in virtue of Riemann’s theorem, already referred to, 
wil enable the calculation of the characteristics of the other two 
curves knowing their order and class. 


2°, CLEBscH’s METHOD: This method is indirect and has for its 
basis the determination of one characteristic of the MSteinerian in 
addition to its class and order, viz, the number of its inflexional 
tangents, In fact, what is done is to take any point and find out the 
tact-invariant of its first polar and the Hessian ; this tact-invariant 
equated to zero would give the point equation of the Steinerian. The 
degree of this tact-invariant in terms of the coefficients gf the first 
polar would then be given by 3(n—2)(5n —11) and observing that 
the tact-invariant also includes the inflexional tangents of the Stetnerian, 
the number of these last is given by 


3(n—2)(5n—11) —3(n—2)* 23(n—2)(4n—9). 


The next step is to calculate the deficiency of the Steinerian, and then 
pass on to the other two curves with the aid of Reimann’s theorem. 

We here indicate another entirely different method of obtaining 
these results and this consists in proving directly that the Cayleyan 
has no infiexional tangents. This enables us to calculate all the 


1 In virtue of Riemann’s famous theorem relative to the invariance of the 
deficiency of в curvo in all unideterminative transformations, the three covariant 
curves have the same deficiency. 

Beo “ Olebsch—Lindemann " : Ibid ; t. 8.; Oh, I (I) 

* Beo Koehler : Bull Boc Math de France i (1878), pp. 124-9 
for the determination of the class of the Steineriaw when the given curve has 
multiple and higher singularities 

Bee also HILTON: Plane Algebraic Curves ; p. 108. 

5 As regards this assumption see the remarks by Clebach: Ibid t, 2. 
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бпагасбегівіїсв of this curve as well as its deficiency. We then pass 
on to the “Stetnerian and Hessian and also calculate their Plucker’s 
numbers. 


§ 2 
We first proceed with the case where the original curve is 
non-singular. oo 


Let O,C,, C,, C, denote respectively the original curve, its 
Hessian, Steinerian and Cayleyan. Confining to Clebsch's notation which 
we shall use throughout, let 


n=order of C 

À-elass ,, А,. TN 
dzno of double points of C L, P, 
$== по. of double tangents of C. "d 
roe с cusps of C. I І L, 

w= yy inflexional tangents of C. 


Fig. 1. 
p==deficiency or genus of C 
and let-the same letters with the suoscripts 1, 2 or З denote the corres- 
ponding characteristics of the Hessian, Steinerian ov Cayleyan respec- 
tively. , А 
- We shall now proceed to prove that w,=0. In fact, if c, had an 
inflexional tangent, then, at the corresponding inflexion-point two of 
its tangents would be coincident. It requires therefore that corres- 
ponding to this inflexional tangent two corresponding points of О, and 
C, would coincide or the corresponding points would be double points. 
It follows therefore that to a double point of C, there corresponds a 
double point of O,. If therefore we can show that double pointa of C, 
take birth from the fact that to two separate points of C,, corresponds 
a single point of C, and inversely that to a double point on C, corres- 
pond: two separate points on C,, we can conclude that to a double 
point of О, cannot correspond a double point of О, and hence С, has 
„ло inflexional tangente. ' - 


Nor is it difficult to prove the.assumption we have made above. 
We shall show that the pole of every first polar with two double points 
must be a node of C,. Suppose that a first polar curve has two double 
points A, and A, (Fig. 1) which must necessarily lie on C,. Remem- 
bering that the polar line of a double point ofthe first polar touches 
C, ata point of which it is the first polar, we deduce that the polar 
line of A, is a line L, touching C, at a point P,. Similarly the polar 
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- line of A, is a line L, touching C, at the same point P,, for, otherwise, 
one and the same curve will have to be the first polar of two distinct 
points. Hence the double points A, and A, give a node on C, with L, 
and L, as nodal tangenta; L, and L, are necessarily distinct lines for, 
A, and A, must be a pair of poles of a line touching C, ai two 
points. . 

Conversely the first polars of any tww „points, except Py, ou L, 
touch at A, and similarly those of any two points on L, must touch 
at another point A,. Also, the first polar of P,, considered as a point 
on L,, has a double point at A, while the same first polar when P, 
is considered a point on L, has a double point at A,. Hence the first 
pelar of a node P, on C, has two double points A, and A, lying on 
C,. Hence to a double point on C, correspond two distinct points on 
О, and vice versa; and this is the theorem which. we set out to 
establish. 


We oan write therefore w, —0 
but 9 ,=3(n—2)(5n—11) | 
and  k,—3(n—1)(n—2). 


Knowing three of the characteristics of C, it is now easy to deduce 
all the others. We have, in fact, 


g =s $(n—2) 6n— 13) (6n* — 19» +16) 
r, == 18(n—2)(2n—5) 
9 
ty =g (n—2) (t —2n—1) 
and we also have 
1 
pa gz Gn—7) (3n —8) 


Proceeding next to the curve C, we have, in virtue of Riemanu's 
theorem already referred to; 


p, =py= (on 7)(3n—8) 


and a! priori n,—9(n—9)* . 


h, —8(n—1)(n—2) 
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апа these three equations enable us to determine allthe other charac- 
teristics of C,. We haveaotually, with the aid of Plucker’s equations: 


does š (n—2)(n—8,(8n3 —9n—5) 
7, —12(n—2' (n—3) 

8 А 
„= 5 (9—9) (0—3 (8n? —3n—8) 


and — w,—83(n—2)(4n—9) 


Similarly for the curve C, we have 
Я i | 
Pi =p =p, = у(9п—7)(3в—8) ; 


and also л, =3(n—2) 


so that it only remains to determine one other characteristic of C, ; 
but we have ° 


1 
P$ (n, —1)(1,-2)—d,—n, 
and putting n, —3(n—8) 


1 _1 
; g 0D —8) = 5 (80—7)(39—8) . SiS. 


во that we deduce d, +7, =0 
ie, q, =0 : >, =0 


lt is now easy.to determine all the other characteristics of C,. We 
have, in fact, 


k, —3(n—2)(3n — 7) 
t =F (n—1)(n—2)(n—3) (9n—8) 


(0,7:9(n—2)(8n —8) gud wt ав 


~ These resulta may now be tabulated (See Table I). 
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83 


Let us now consider the case where the origiral curve is not non- 
singular but has only d double points and > ousps, there being no other 
higher singularities. 


We have seen indirectly in $2 that when the original curve is 
non-singular the curve,C, has in general (i.e, if we exclude special 
relations between the coefficients of the original curve) no double points. 
A direct proof of this does not as yet seem to -have been estiblished.! 
It may, however, happen that a particular relation among the coeffi- 
cients of the primitive curve may be different from that obtained by 
expressing the condition for a double point so that C, may havea 
double point without the primitive curve possessing any. Thus, for 
example, considering the n —fc 


а. "Ее," Tb.on, ез, +0," "тт td ag "TSt eee =0 


(b,, c,*, d,* being binary quanties in «,, »,) it is easy to show that 
the first polar of a point P(1,0,0) will have a node at Q(0,0,1) if 
bom; ¢)==c,=0 and further that the curve does not pass through P, 
Thus the curye c, should pass through Q and it can be shown farther 
that Q is а node оп с, provided d,=d,=0. Thus it appears that the 
Hessian of a curve has a double point at (0, 0, 1) without that point 
lying on the curve at all." 


As stated above, this is due to.the fact that the particular relation 
d,==d,=:0 is different from the condition necessary for the possessing 
of double points. 


"We shall, however, assume that the Hessian has, in general, no 
double points when the original curve is non-singular. 


Now, а double point on the original curve transforms into a double 
point оп C, and a cusp into a triple point. Moreover, since the triple 
point has two distinct branches only and the other touching one of 
these branches, the triple point is equivalent to ñeo nodes and one cusp. 
Thus, 


d nodes on © are d nodes on C, 


rcusps .,, ,, 2rnodes and 


c < 


т eusps on C,. 


1 Beo “ Clebsch-Lindemann :” t, 2. Seotion ТУ 


* For another such example see “ Clebsch-Lindemann” Thid, 
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. 
Therefore. when the original curve is not non-singular, we can 
write 


d, =d+% 
r =r 
Further n, =8(n—2) .. 


so that we can proceed with the determination of the characteristics of 
O, completely. 


We have, in fact, 
hy =8(n—2)(n—7) ~2d—7r 


шу ==9(2—2)(38n—8) —Bd— 207 
S r= nin 2)(n—3)(3n—8) 


—9d(9n* — 27n 4-46) —8r("7n* —63n - 101) + (20 -- 7») *. 


We can also caleulate the deficiency of C, as 
к py =4(3n—7)(8n—8) —d—3r 


Proceeding next to the curve C,, we have, in virtue of Riemann’s 
Theorem 


Фау; =1 (8n—7)(8n—~ 8) —4—8» 


Further. 
n,=3(n—2)3 


so that it only remains to determine one other Pluoker’s number of 
O, when the primitive is not non-singular. But it ів a well-known 
result! that the class of the Sfeinerian is in this case equal to 


k, z:3(n—1)(n—2) —2d—4» 


t Bee Hilton: ibid, р 106, 
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The other Plucker's characteristics now follow easily. We can write 
d, (n—2)(n—8)(3u* —9n—5) 4-d--3r 


r,—12(n—2)(n—3)—2r 
w, 2:9(n—2)(4n —9) —6d— ldr 
e.> 


pa $ (n—2)(n—B\(Snt —3n—8) 


—9d(8n* —In 47) —r(12n* —36n +29) +2 d -2»)*. 


It now remains to calculate the Plucker's numbers of the Cayleyan. 
The available data are 


n,=3(n—2)(5n—11) 
p =p =p = 8 (Ən—7)(9n—8)—4—Sr 


so that, as in the case of C,, it is sufficient to know one other charac- 
teristic of О, by direct methods. 

A method immediately suggests itself by considering the arguments 
by means of which we deduced in §2 that #0, —0, when the primitive 
ів non-siegular. In fact, that proof depended on showing that to а 
double point on c, does not also correspond a double point on O, but 
a pair of distinct points on C,. Now even when the original curve is 
not non-singular this argument need not in any way be modified and 
we can therefore write in this case too 


- 


w,=0 


and the other characteristics of О, are now easily determined. We 
find on actual calculation that 


d, = $(n—2)(5n—13)/5n* — 19n--18 )—2d—6r 
r | 718(n—2)(2n—5)—3d—9» 


i= p (0—2) (n* —2n—1) — 3p, (и) kh, (н) 
T (А+ Bh)? 
where ф,, $,, À and B are obtained by an easy simplification. 


Herewith is appended a tabulated list of these Plucker's numbers 
(See Table IT), 
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EQUITENSE TRANSFORMATIONS ABOUT A FIXED POINT 
TAKEN AS ORIGIN... ; 
°. 
_ BY 
C. E. Curs. 


(Summary. Equitense transformations in ordinary 8-way space Q, (which 
“include reflesions, rotations and translations) nro first defined, and are divided into 
` rigid transformations and peexdo-rigid transformations, —a rigid transformation being 
an'equitense transformation which can be regarded as a resultant of infinitesimal 
equitense transformations: Those which take place about a fixed finite origin O 
(divided into rotations and paeudo-rotations abont О) are then discussed in greater 
detail. In connection with the complete’ interpretations of rotations and pseudo. 
rotations about O whose equations are known, special attention may be directed to 
the theorems of Arts. 4 and 5, in which those interpretations are given in forms 
characterised by perfect symmetry and. freedom from ambiguity. The paper 
concindes by explaining how psoudo-rigid transformations in f, can be regarded as 
rigid transformations in O,,—a reflexion about a plane in 2, being equivalent to а 
rotation about that plane through two right angles in O,.] — &r n ume таз 


- 

1. Equitense transformations; rigid and pseudo-rigid trans- 
formations, | 

We take О to be a fixed origin accessible to ёп observer situated? їп | 
ordinary 3-way space Q=0, (of rank 4) ; and (OX, OY, OZ) to bea 
right-handed set of rectangular axes-drawn from O in О. All points and 
all transformations will be supposed to be real; and it will be left to the 
reader to gather when these restrictions are unnecessary. · 3: 

Wé may regard (OX, OY, OZ) as a mathematical abstenction 
"derived from a man standing upright with outstretched arms and 
-looking forwards, O being the base of the head, OX being the right 
arm, OY being drawn horizontally in the direction of vision, and OZ 
being drawn vertically upwards through the head, The rotation about 
OZ which carries OX to OY through a positive right angle js right- 
handed, and OZ is the right-handed axis of that rotation. If OX’ is 
the left arm, then (OX', OY, OZ) are a set of left-handed rectangular 
axes; the rotation about OZ which carries OX’ to OY through a 
positive right angle is left-handed ; and OZ is the left-handed axis of 
that rotation, To, make the results of this. paper applicable when (OX, 


` 
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OY, OZ) are a left-handed set of rectangular axes, the terms * right- 
handed ' and ‘ left-handed’ must be interchanged whenever they occur. 


A projective transformation in Q is a transformation which converts 
the points of Q into the points of an ordinary 3-way space О’ coincident 
with О in such a way as to establish a one-one correspondence between: 


all finite points of Q and all finite points af 0’ 
all infinite points of Q and all infinite points of Q'; 


every finite point of Q being converted into the corresponding finite 
point of f, and every point in the plane at infinity of Q being converted 
into the corresponding point in the plane at infinity of D’, Tf the point 
P whose co-ordinates with reference to the axes ОХ, ОТ, OZ are z, Ys 
is converted into the point P, whose co-ordinates with reference to the 
same axes are c,, Yı, 2,, the general equation of such a transformation 
(ss applied to finite points) can be expressed in the form 


lax | Св d tos | в, Н 
yi y y y 
=M , (equivalent to =M? i ) we (1) 
i £ z fi. 
H 1 1 1 
" АТА ° 
hoh 1, р 
m m т, 
where ЕИ „ (2) 
à n, 7. m, T 
0 0 0 1 


is an undegenerate square matrix whose elements nre all finite, 


An equitense transformation in Q is a projective transformation in Q 
which leaves the (positive or undirected) distance betwecn every two 
finite points of О unchanged. It necessarily leaves the angles between 
any two straight lines or any two planes of Q unchanged. If we put 


Dd ud. de 7m," | [100 
$= m, m m, | d=] I, m, w, |, 0 1 0 he (3) 
_ N, ñ hy is туњ 9001 


the transformation (1) will be equitense if and only if the equation 
(s a)? (i — yi) Fs! 92) m m)? + (yy) GI =)" 
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is an identity in z, y, к, a’, y', 2’ when 


Г аур | Г al—o 
у o9 y-y h 
£ —2 | g—z | 
т.е. if and only if 
фф=1=фф, or p=? e (4) 


Accordingly (1) will be the general equation of an equitense transfor- 
mation (supposed to be real) when and only when ¢ is a real square 
semi-unit matrix. We then have 


det d= 4-1; 
and the equitense transformation will be called 
a rigid transformation when det ф==1 
a pseudo-rigtd. transformation when det p=—1. 


It can be applied only to those points of Q which form a configura- 
tion S,. It then converts the points of S into the points of another 
configuratien S, lying in Q, 

Clearly all equitense transformations constitute & group С, which 
із в sub-group of the group of projective transformations ; and all rigid 
transformations constitute a group H, which is а sub-group of G. 

The equitense transformation (1) will be called : 

(1) the identical transformation (which leaves all points of О une 
changed) when M is the unit matrix of order 4; 

(2) an infinitesimal transformation (which gives only an infinitesimal 
displacement to every point of O) when we can put 


jn 1+А,, le» 1,, р 
ту, lb, Ms, q 

M= А 
тузу , Ity,, v 


о, 0, 0,1 


where all the letters denote infinitesimal scalar numbers, 7.6. when the 
difference between M. and the nnit matrix of order 4 is эп infinitesimal 
matrix ; 
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(3) a translation (which can be interpreted to be a rotation through 
а zero angle about а straight line at infinity) when we can put 


р R 


y ° 


0 0 
1 0 4 
01 
0 0 


о о о н 


1 


КЕ: m — — 


so that the matrix equation (1) is equivalent to the three scalar equa- 


w =r tp, y =y Hg 2, e+e 


Tn all such cases it is а rigid transformation. 


It will be shown (see Art. 4) that every rotation about O is & 
rotation about a straight line through О, and therefore (see Art 3) a 
resultant of infinitesimal rotations. Moreover every translation is 
clearly expressible as s resultant of infinitesimal translations. Hence 
from Ез. iv below we can conclude that: ° 


А rigid transformation їз an equitense transformation which is evpres- 
sible as a resultant of infinitesimal equitense transformations. 


Again an equitense transformation will be called one: 
«about а point A when it leaves the position of A unaltered ; .. 


about а straight line (or an) L when it leaves the position of every 
point of L unaltered ; 


about a plane p 'when it leaves the position , of every point of p 
unaltered. 


.All.equiteuse transformations about a given finite point (or straight 
line or plane) clearly constitute a group. 

Ез, y. Ifan equitense transformation in О leaves the positions of two different 
finite points A and B unaltered, it necossarily leaves tlie position of every point of 
the straight line AB unaltered, and is an equitense transformation about AB. If it 
leaves the positions of ‘three non-collinear finite points A, B, O unaltered, it neces- 
sarily leaves unaltered the rosition of every point in the plane ABO, and is an 
equitense transformation about that plane If it leaves the positions of three 
non-coplanar finite points A, В, О, D unaltered, it necessarily leaves unaltered the 
position of every point of Q unohanged,and is the identical transformation. 


For if it leaves unaltered the points whose co-ordinates are (m, y, я), (w, у, ж), 
(в ‚ y", s"), ib also leaves unaltered the point whose co-ordinates are ` 


(As + um + va", Xy + uy! + ry", Ast ps’ + yz), where А+ рза 1. 
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Bow. А given equitense transformation (1) converts O into the point O' 
whose co-ordinates with reference to (OX, OY, OZ) are р, 9, 7; and it converts OX, 
OY, OZ into the mutually rectangular axes O'X’, O'Y', O'Z’ whose direction-cosines 
with reference to (OX, OY, OZ) are (1,, m, %,), (la, Ma, R3), (l3 m, n,) respectively. 
The rectangular axes (0’X’, O'Y’, O'Z’) form a right-handed or left-handed set 
according as as det ф=1 or det p= —1; and they can olearly ‘be any set of rectangular 
axes drawn from a finite poing in д. 

. * 


Since P, in (1) can be any finite point of б, and the co-ordinates of P, with 
reference to (O'X', O'Y’, O'Z’) must be the same as those of P with reference to 
(OX, OY, OZ), we see by writing 


(m, у, s) for (#,, y,, 5,) and (z, y, т) for (e, у, z) 


in (1) that if any finite point P of Q has co-ordinates (e, y, 3) with reference io 
(OX, OY, OZ), then the co-ordinates (o', у’, ж) of the same point with reference to 
(ОХ, O'Y’, O'Z’) are given by the equation 


— 7 - a -> — 
= Y y E у 
=м-› , (equivalent to =M. ). (и) 
' | og x, ° E sj 
1. 1 SUN 1 


[EE — ` — — — 


which represents a transformation of rectangular co-ordinates, Tha two seta of 
rectangular axes (OX, OY, OZ) and (O'X', O'Y’, 0/Z^) are Ilke-handed when and only 
when det p=], А 


Eu, «й. Equitense transformations about а point. 


In order that the'equitense transformation (1) may be one about the origin O, 
it is necessary and sufficient that p=q=r=0.. The general equations of an equi- 
tense transformation about the origin О, about a finite point whose co-ordinates with 
reference to (OX, OY, OZ) are a, b, c can be expreased in the respective forms 


ay face ë= ааа 6, ог e = EET rds 
2. L, I, L, ` ° Oa hou ts: $—28 

y, [=] My m, m; Vh Уут j=j m, m,m, y—b |, 
£l n, п, л 8—C 

LM Чы бр mace l URGES S сы DE E n e av ata. ru. ш = 


where in each equation the prefaotor on the right is a real square semi-unit matrix. 


`` Бо, iv. The matrix M in an equitense transformation (1) can bo expressed as 
а product in the forms - 


[Du109 1] l, L L 0 | Г L 1 0] [1 00 P 
010q || m, m, m, O m, m, m, О 01 0 Q 
7 001r ^, iy 8, 0 ij в, туя, 0 001 R 
_ооо1 || 0001! 00010001. 


10 с. E. CULLIS 


; ГОР [l onm в í J p>” 
where i Q Í 1, m, n, g 
_R hom, ny j| tor | 


` Thus апу equitense transformation can be regarded as the resultant of an 
equitense transformation T about O followed by a translation, and also as the 
resultant of a tranalation followed by the same equitenSe &ransformation T about O, 


. 2. Equitense bodies or configurations ; congruent and pseudo- 
congruent bodies, 

Two finite bodies A and B situated in О will be said to be equitense 
with one another when there exists a one-one correspondence between 
their points of such a character that the (positive or undirected) 
distance between any two points of A is equal to the distance between 
the two corresponding points of B. The following general remarks con- 
cerning two such bodies can be established from those properties of 
equitense transformations which ave proved in this paper. 


If A and B are 3-démensional bodies, and are equitense with one 
another, there exists in general one and only one equitense transforma- 
tion T in Q which converts A into B. According as Т “в a rigid or 
pseudo-rigid transformation, А and B will be said to be congruent or 
pseudó-congruent with another in Q (alternatively to be like or unlike in 
handednesa). ° 


If A and B are congruent with one another, we can (in many ways) 
construct a series of mutually congruent bodies A, C,, C,, ... B such 
that the distance between every pair of corresponding points of any 
two consecative bodies of the series is infinitesimal ; and each of these 
bodies can be converted into the next by an infinitesimal equitense 
transformation.’ Thus the equitense transformation converting A into 
B can be regarded as the resultant of a number of successive 
infinitesimal equitense transformations; or A can be convertud into B 
by a-continuons displacement in which it moves as a rigid body. 


If А and B are pseudo-congruent with one another, the equitense 
transformation converting A into B cannot be regarded as the resultant 
of infimtesimal equitense transformations; for such & resultant would 
necessarily be а rigid transformation. Each of two such bodies may 
be called an smage of the other in N. If C is any other body in Q 
which-is equitense with A, then C is congruent with one of the bodies 
A and B, being convertible into that body by a rigid transformation ; 
and it is pseudo-congruent with the other body, being convertible into 
that other body by a pseudo-ri rid transformation. 
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In particular cases as when'A and B are two spheres or $wo regular 
polyhedra, and ars equitense with one another, there exist both rigid 
and pseudo-rigid transformations converting A into B but the corres- 
pondences between the points of A and B will be different in different 
transformations. When the correspondence has been fixed, there is 
Only one trarisformation as in the général case. 

The above remarks (gee Art.7) are applicable only to 3-dimen- 
sional bodies in Q, If A and В are two 2-dimensional (or 1-dimensional) 
bodies in Q which are equitense with one another, there exist many 
equitense transformations in Q (both rigid and psendo-rigid) converting 
A into B, and we can always regard A and B as being congruent to one 
another in 0. 


` 8. Equitense transformations about the origin ; rotations and 
peeudo-rotations ; perversions. 


hon 1, А h.m, n, 
Let ф=| m, m, m, | and $^ !md$'—| 1, m, m, (1) 
L эз, a ng | І I, m, Ny 


са 


be respectively в given real square semi-unit matrix of order 3 and its 
inverse (gr conjugate), which is also a real square semi-unib matrix. 
Also in matrix équations lét 


m fi © | ei 
P= y |P,=| у, hP'=| y PPS у | s (2) 
£ e 3! | г! 


Then if (OX, OY, OZ) is a given set of right-handed rectangular 
axes drawn from O, and if these are used as axes of co-ordinates, the 
general equaiton of an equitense transformation about О in Q ів 


Р, =¢.-P, (equivalent to P—$^!.P) .. (A) 


where г, y, s are the co-ordinates of any finite point Р with véferonce to 
(OX, OY, OZ), and v,, Yı, z, are the co-ordinates with reference to the 
same axes of the point P, in which P is converted by the transforma- 
tion. If detp=1, the equation (A) representa a rigid transformation 
about О, which will be called a rotation about О; if det ф=—1, it 
represents a pseudo-rigid transformation about O, high will be caled 
а geeudo:rotatton about O; 
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, The transformation converts the rectangular axes OX, OY, OZ into 
' tho rectangular axes OX’, OY’ OZ’ whose direction cosines with refer- 
ence to (OX, OY, OZ) are respectively 


(1, my, »,), (Uys Mas зу), Ley m3, з); (3) 


and the set of axes (OX', OY', OZ/) is right-handed or left-handed 
according as the transformation is a rotation or a pseudo-rotation, 
Since OX’, OY’, OZ’ can be any set of rectangtlar axes drawn from О, 
and their direction-cosines with reference to (OX, OY, OZ) are known 
when they are known, we see that there is one and only one equitense 
transformation about O which converts the axes OX, OY, OZ into 
another set of rectangular axes drawn from О. 


By writing (г, y, z) for (z,, y,, 2,) and (V, у, 2’) for (<, y, 2) in 
(А) we sce as іп Ex. ii of Art. 1 that the general equation of а transfor- 
mation of rectangular co-ordinates from the axes (OX, OY, OZ) to the 
axes (OX’, OY’, OZ’) is : 


P'=q-'.P, (equivalent to P=¢. P’) .. (B) 


where т, y, z are the co-ordinates of any point P with reference to (OX, 
OY, OZ), and а, y, 2 are the co-ordinates of the same point P with 
reference to (OX', OY’, 02). The two sets of rectangular axes are 
like-handed when and only when det $—1. | 
Now let OX’, OY’, OZ! be any second set of rectangular. axes drawn 
froni О in Q, nob necessarily those mentioned above; let the equation 
of a transformation of rectangular co-ordinates from (OX, OY, OZ) to 
(OX', OY’, OZ’) be 
Pi=o7}.P (equivalent to P=w. P^, .. (4) 


where o and от? are real square semi-unit matrices ; and let the points 
P, P, in (A) have co-ordinates ; 
(т, y, 2), (z. y 21) with reference to (OX, OY, ОЛ); 
(w^, y, 27), (v 217) with reference to (OX', OY’, OZ’). 
| Then the equation (4) and the corresponding equation 
Р,'==0-:.Р, (equivalent to P, =o P,’) . (б) 
show that when OX', OY', OZ' are taken as axes of co- «оше, the 
equation of the equitense transformation (À) is 


P,'zo7!o. Р’, (equivalent to P'zzo7!d7!o, P,^). we (À!) 
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It will be more convenient to express this result in another form. If 
the equation of a given equitense transformation about O is 


P,'=y. Р! (equivalent to P’=y~?, P), e (0) 


when OX’, OY’, OZ’ are axes of co-ordinates then the equation of the 
same equitense transformation is 


P ,=oəgo-1, P, (equivalent to Pzzoyo7*. P,), we (0) 
when OX, OY, OZ are axes of co-ordinates, 


The equitense transformation (A) in which 


| 1 0 , 0 j| ceo, 0, sind || сов, —sind, 0 | 
° 
$-—| 0, cog0, —sinó || O , 1, 0 ‚| sind, cos, 0 
| 0, sin@, совӣ —— = —sin0, 0, cosð |] 0, 0,1. 


are right-handed rotations through the angle 0 about the (right-handed) 
co-ordinate aes OX, OY, OZ. Replacing 0 by —0. we obtain the 
corresponding léft-handed rotations through the angle @ about the same 
axes. If 0=0, +0, +0, +... a right-handed rotation through the angle 
6 about OZ is the resultant of successive right-handed rotations through 
the angles д, 0,,0,, ... about OZ. Consequently a rotation about 
any &xis can always be expressed as the resultant of successive infinite- 
sima] rotations about that axis. 


The simplest equitense transformations about O are the eight 
perversions, vëz. the transformations (A) in which 


+ 0, O 


They clearly form а complete group. The perversion in which the 
signs of the successive diagonal elements of ¢ starting from the top 
are 


+ + + 


is the identical transformation. The perversions in which those signs 
are š 


E t T , + 5 + + + + um 
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are respectively refle.tons about the co-ordinate planes «0, у=0, s—0, 
these being pseudo-rotatious. The perversions in which. those signs 


D 


are - 


t Ке DESI D — + kaqa 3 LE — + 


are respectively vefle ions about the co-ordinate ares OX, OY, OZ, and 
are also rotations (right-handed or left-handed) through two right 
angles about those axes. The perversion in which those signs are Ë 


ів а refle.son. about the origin, which will often be called the inversion. 


, Ex.i. The inversior (or reflexion atout О) can Le regarded as the resultant 

of : b 

(i) three successive reflexions about three mrtually perpendicular planes (OY, 
. OZ), (OZ, OX), (OX, OY) drawn through O, 

- (Gu) & rotation through two right angles about any axis OZ drawn from О fol. 
-lowed by (or preceded by) a reflexion about the plane (OX, OY) arene 
through O perpendicular to that axis. 

Ez. si. Equation of a reflezion about the plane lot mytnze0 when l, m, n 
are dsrectton-cosines, в 
`. Let (A,, ду vi), (Ass Be ua) (2, m, n) be the direction-cosines of three rectangular 
axes ох’, OY’, OZ’ with reference to the given co- ordinate axes OX, OY, OZ ; so 
ihat in (9 we have - - 


When OX’, OY’, OZ’ are axes of co-ordinates,-the-equaiion of the given plane 
is #'=0, and the equation of a reflexion about it is s;^z» —z,, 1.6. 


10 0 ` [o о 07] 
P,’=9. Р, whereg=| 0, 1, 0 |=I—2 $ 00 
mu cR < EE 


_ It follows as in (O^) and (О) that when OX, OY, OZ are axes of сосна 6 Ње 
equation of a reflexion about the given plane lx + my + т = 0 is xd 


Р, =v Р, where j= cope 1... 
1. . [71-91% - , р. 
te, y-1—-2| m |[һт,‚,з»п]е=| —2ml, 1-2m*, —2mn 


n, d . D3nl —2am, 1—2n!' 
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This result clearly remains trué when the axes OX, OY; OZ aro left-handed. 


Ba. tii, Equation of a reflezion in the given plane im my + nz +ре0 when 1, m, 
are directvon-cosines, 
iy is the same matrix as in Ex, ii, this equation " 7 
Tm tip | w+lp 7 
RE +mp , =y. у+тр 


QAAE jo | s+np _ 


| s», | | 1—29, —2im» Tmin, Bip | [ m ] 
Vi —2mi 1—2m*, —2mn, —2тр у 
= By Ë — 281, дтп, l—2a?, —2np s 
1 0 о, E о, | 1 I 1 


— — re — < Sey ero Se weak 


Ev. iv. If a plane p can be converted info. a. plane-q by a tight-handed rotation 
through an angle $a about any acis, then the resultant of (wo successive reflexions in р 
and q ia a right. handed rotation through an angle a about that awis, 


This can be seen by taking the given axis to be OZ, and р, q to be the pases 


e ч=О, s sin } а—у 008 } amO. 


Ех. +, Equation of a right-handed rotation through on angle 6 about a given 


dais OZ! whosé direction-cotines are A, B, V. | ; "Maps 228 
е - i . ; 


Let (Aas u Yi); Qui Жа, Ра), Qo a, >) be the direction-cosined uf three right- 
banded rectangular axes OX’, OY’, OZ’ with reference to the given (right-handed 
rectangular) co-ordinate axes OX, OY, OZ, go that in ” we have 


- | My By M | А and det $1, 


u 
— Yi Ys 


When OX’, OY’, OZ are axes of co-ordinates, the equation of the giver rotalión 
ig 3 LUN, 


Teos 0, —sin6, 0 


P,'-0.P', where @=| віп 0, cos@ , 0 


0, 0 ,1 
oe 
It follows ag in (0^) and (Q) that when OX, OY, OZ are’ axes of co-ordinsies, 
the equation of the given rotation is 3 EI AN 


" 


Р,=ф P, where p= o Ow), 
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Tatl, ap л» 7 7 0, -» p а 
ie, $-Ic4(l—co80)| pA , wil, ду *gin6| v, 0 ma 
| A уи det -m А, 0, 


This result could also have been deduced from Юха, ii and iv by treating the 
given rotation as the resultant of two successive reflexions about two planes contain- 
ing OZ’ which are inclined to one another at an angle š б. 


If OX, OY, OZ were a left-handed set of rectangmlar axes, the same equation 
would represent a left-handed rotation through an angle 6 about OZ’, 


Ez. vi, Ifin Ex. v we express the square semi-unit matrix ф in the form 


we have —- . 
l,=1+(1—oog 8). (А? — 1) д? +008 8. (1—A?), 
ту к= 1 + (1 —cos 0). (43 —1) д? + сов 0, (1--д%), 
74 —1 + (1—c08 0), (у —1) =»? + cog 0, (1—»*), 
5,4 m4—2 (1—coa б). uv, l, -+n,=2 (1—0080), vA, m, 1,2 (1—сов 0). Ag. 


° 
n ,—m,==2 gin 0. А » lhyn {|2 ain 9, p ‚ m, ~l =2 sin 0. v. 


4. The axis and angle of a rotation about the origin О whose 
equation is given in the general form. ? 

‘Let the equation of a rotation about the origin О of the right-handed 
rectangular axes OX, OY, OZ be given in the general form 


LN L hL hr | a 
y, |F| my, m, т, | y or Р,=ф.Р, .. (D) 
z, n п, n, z 


where ф is a given real square semi-unit matrix whose determinant has 
the value 1; and let 


— 


| 1, —p, d, ls, 
$(p)=p—pl=| m, m.—p, Ms e 00) 
"i, Фу, Typo 


be the characteristic matrix of $, The latent roots of ф are the roots of 
the equation det ф(р) =0 or 


(p—1)(p* — (1, + m, +n, —1)p4-1] =0, e (2) 
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‘and because 1 is always а latent root, the square matrix ¢(1) is always 
degenerate. The position of a finite point P whose coordinates with 
reference to (OX, OY, OZ) are z, y, z will be unaltered by the rotation if 
and only if ¢P=P, v.e., if and only if 


$(1).P—0. | ш. @) 


Because ф(1) is always degenerate, this equation always has at least one 
finite non-zero solution fér the matrix P ; and if P is the corresponding 
point, the rotation (see Ex. i of Art 1) is one about the straight line OP. 

Thus every rotation about O (which may be any finite point) 1s a vota- 
tion about а stratght line passing through О. 

In the particular case when (D) is the identical transformation, t.e., 
when $=, it leaves the positions of all points of Q unaltered, and can 
be interpreted to be a rotation through an angie 0 about any straight 
line we please passing through O or about any finite straight line 
whatever. 

To obtain all the points whose positions are unaltered by the rota- 
tion, or all the solutions of (3), in other cases, we will consider the 
conjugate reciprocal (or the reciprocal) of Ф(1), which is the symmetric 
matrix ° 


— 


TIH mmn, hEm ltn 
p= m tla l+m,—n,—l,, т, фи, w (4) 
m5, п, 7s, l+n,—1,—m, C 
"Because Ф(1). b —det$(1).1—0, 


the equation (3) is satisfied when x, y, z are proportional to the lat, 2nd, 
8rd elements in any vertical row of Ф, Again because Ф(1) is degene- 
rate, the rank of @ cannot exceed 1; therefore by one of the properties 
of symmetric matrices the radicals 


Que V ITI m, n, О, = міт, в, 11, 
Q,= V1+n,—l,—m, es (5) 


oan be 80 chosen that 


Ф= Q, [@,› Q, Q,]. .. (6) 
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There are then two possible choices of Q,, Q,, Qa, any one of the 
radicals which is not O having whichever we please of its two possible 


values. 


From the equations 


Megs — M,N El, myni =m n=l, Mny т, =l, 

nala — nale =m,, ый — wl, =m,, mh, —n,l, =ї, 
° 

l,m,—l,m, =n; lm, —L,m, =n,, lim,- lm, =n,, 


it follows that | 

(netm) =(1+m,—n,—1,)(1+n,—1, т), 

(ls +n)" z(I4n,—1,—m,)(141, —m,—n,), 

(m, +)! — (14, —m,—n,)(14- m, —n,—1,), . (7) 

(n, —m,)*=(1+1,+m,+xn,)(1+1,—m,—n,), 

(la —n,)* =(1+¿,+m,+%,)X1+m,—n,—L,), 

(m,—1,)* =(14+1, +m, T n,) (1 +n, —1, —m,), o. (QU) 

(la —n,)(m, —1,) zz (1-1, +m, --n,)(n, +m,), 

(m, —1, )(n, —m,) (1-1, +m, n.) tn), 

(n, —m4)(1 =) (1-1, Em, tns) (m, 1). ° we (77) 
The equations (7) and (7) show that the real factors occurring on the 
right in them are either all positive or all negative. If th8y were all 
; negative, it would follow that 3—1,—m,-—n,, the sum of the three 
` diagonal eléments of Ф in (4), is negative, but this is impossible because 


li m,, n, are all real quantities whose numerical values do not exceed 
l. We conclude that the real quantities 


lTÓ-—m,.—n,, 1l+m,—n,—1,, l45,—1,—m,, "n (8) 
l+l,tm,+n,,  3—l,-—m,—n,, —— we (8) 
are all positive, Hence the three radicals Q,, Q,, Q, and the two 
radicals 
О= мії, +m, Fn, R= V3—1,—m,—n,, . (5) 
which satisfy the equations 


R*=Qi+Q3+Q3, Q?+R*=4, $(Q* — R5) ZI, +m, n, —1, (9) 
are all тез]. We have R=0 (or Q,=Q,=Q,=0) when and only 
when l,=m,=n,=1, Ze, when and only when (D) is the identical 
transformation. ç 


HQUITENSH TRANSFORMATIONS 79. 


Lf Q,, Qa, 9, are chosen in accordance with (6), we must have 
n,+m,=Q,Q,, ls n,—Q,Q;, m,+1,=Q,Q,. 


The equations (7) are then satisfied, and the equations (7') and (77) will 
also be satisfied if and only if 


n =m, =R, © 1,—n, zeQQ,, m,—1, =s, 


where eis either 1 or —1. Whichever choice has been made of Q,, Q,, 
Q, (supposing that they are not all equal to 0),' we can choose Q so that 
exl. Consequently we can, and always will, choose the radicals 


Q, Qi, Q,, Q; BO that 
Q.Q, =n, Tm, QQ =l +», Q,Q, —m, +l a. (10). 


QQ, =», —т,, QQ, =l, —",, QQ, =т, —l, ; ө (109 
and the equation (6) is then satisfied. Except when (D) is the identi- 
cal transformation, there are two and only two possible choices of 
these four radicals, the signs of all being changed when the sign of any 
one which does not vanish is changed. 

That the-shree quantities (8) and the quantity 3— l, —m,—n, are 
necessarily positive follows immediately from the fact that Ф ig a real 
symmetric matrix whose rank does not exceed 1; for the diagonal ele- 
ments of sich a matrix must all have the same sign. 

We now see that when (D) is not the identical transformation, the | 
diagonal elements of Ф do not all vanish ; theréfore Ф has rank 1, Ф(1) ` 
has rank 2, and the equation (3) has only one distinct non-zero solution 
given by I 

в:у:1=9,:9,:9,: | e (0D 
therefore (D) is a rotation about the uniquely determinate straight line 
(11), which is the locus of all points whose positions are unaltered. 
There are two possible axes ОА and OA’, drawn from О in opposite 
directions along that straight line. After choosing Q,, Q,, Q,, Q in 
accordance with (10) and (10’), and selecting one of the two possible 
values of R, we will take OA to be the axis 


£ — Y lf 

| б, “©. ^$; 

with direction-cosines k 
-Q pQ, ya Qe, | ы (2 
Acum ance? Wee ae t. e (12) 
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When (D) is the identical transformation, úe., when Q,=Q,=Q,=0, 
both $(1) and Ф are zero matrices, each having rank 0. 


We will next determine the possible angles of rotation. 


The three latent roots of $, being the three roots of the equation (9), 
are 


, ү e 
land (1, +m, +n —1) - v (L tm, +n,—1)*—4,} 


i.e. Land 4((1, Hms Fn, —1) QR vV —1]. 


Since Q and R are real, £.e., since 3(1, +m, 4%, —1) is not less than —1 
and not greater than 1, we can always determine a real angle 0 such 
that 


‚ cos0—43/1, +m, +n, —1) —4(Q' —R*)—4Q' —1-—1—4R5^; ... (18) 
aud if == /—1, the three latent roots are then 
1, cos0 --isin0, cog — rein. vw. (14) 


This result is in accordance with the facts that every real latent root of 
в real square semi-unit matrix must be either lor —], and thatthe 
latent roots which are- not real must ocour in pairs of the form 
сове +-віпб, where 6 is areal angle. The latent roots (14) are the same 
for all values of 0 satisfying the equation (13). 1f «is anyeone angle 
satisfying the two mutually consistent equations 


cosa. — (1, +m, +u, — 1), віра= +098, .. (15) 
or any one angle satisfying the two mutually consistent equations 
2cosja-«Q, 2sinlo-cR, . (157) 


where є is either 1 ог —1, then =a апа = —a are solutions of (13), 
and every other solution differs from one of these two by a multiple of 
2m. 


The three latent roots of ф are all real in two particular cases only, 
vi. 
.(G) when R=0, £e. when l, +m,-+n,=3; 
(її) when Q=0, ze. when l, +m, +n, =—1. 


The first particular case occurs when and only when l, =m, =n, =], 
i.e., when and only when (D) is the identical transformation; the three 
latent roots being then 1, 1, 1; the angle 0 being О ог a multiple of 27; 
and Qı Qas Qs being all 0. The second particular case occurs when 
and only when the semi-unib matrix ф is symmetric but not a unit 
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matrix, as we see from the equations (7'). The angle 0 is then an odd 
multiple of т; the three latent roots of ф are 1, —1, —1; and the rota- 
tion is nob the identical transformation. In all other cases there are 
two distinct values of 0, if values differing by a multiple of 2z are not 
considered to be distinct from one another, 

‘By a well known property of real square semi-unit matrices, the 
equation (D) can be converted by в transformation of rectangular axes 
into an equation of the form 





^r, | | cosb, —sind,O-] |] z — 
y; |=| sinÓ, созӣ, 0 y |, .. (D) 
|n 10, 0, 1 | |ж | 


where 0 is any solution of the equation (13); and (D') represents a 
rotation through an angle 0 about the new axis of =, which when ¢1 
must be one of the two axes OA and OA’, We will verify this without 
using the general theory of semi-unit matrices, and at the same time 
determine what angles of rotation are appropriate'to each axis. 

Supposing that pI, let OA be the axis (12), and let a be any solu- 
tion of the two equations (15) or the two equations (15). Then from 
Ex. v of Art. 3 we see that the equations of the right-handed rotations 
+a about DA are respectively 


EN [ 21, ltm, „+, | 
yi [= 1 m,+1,, 2m, m, n, 
йу 5 ny tls, te ту, Qn, _ 
70, ],—m, l,—n, fo 
+| omi—h, 0, m,—n, y | 
L mls, n,—m,, 0 el 


the equation with the-upper sign being the equation (D). Accordingly 
-we have the following theorem in which the axes OX, OY, OZ are right- 
handed. 

Theorem I. When =I, the equation (D) represents the identical 
transformation. In all other cases it represents a right-handed rotation about 
an axis OA whose direction-cosines are 
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‘and through an angle a which is determined (uniquely except for an arbi- 
trary additive multiple of 2r) by the equations 


сова (1, +m,+n,—1), sina=4QR. 


i is immaterial which sign we ascribe to the radical R, and which 
of the two possible seta of signs we asoribe to the radicals Q,, Qas Qas 9. 
We can choose Q and R to be both positive, 8nd consider а to be the real 
angle lying between 0 and т which is uniquely determined by the two 


H 


equations = 


кылыр 2sin3a— R. 
5. The vendus cit and angle of & eda -rotation about the 
origin 0 whose equation i is given in the general form. 


Let the equation of 8 pseudo-rotation about the origin O of the right- 
handed rectangular axes OX, OY, OZ be given in the general form 


m L L t, "I в | 
y, |=| m, m, m, y jor Р,=ф.Р, .. (E) 
[3 d Lm% f, fyc d | z 


. 
where ф is a given real square semi-unit matrix whose determinant has 
the value —1. The quantities (1,, m,, ni), Clas me, n,), (Ly, Mys n4) 
are the direction-cosines with reference to (OX, OY, OZ) of the left- 
handed rectangular axes OX’, OY', OZ/ into which OX, OY, OZ are 
converted by the pseudo-rotation. Putting үс --ф, we can interpret 
the transformation (E) by comparing it with the transformation 


є | | —L =l; h ЕЕЕ š 
y, |5] Tm, 3, ту | У or Р, =ф.Р, ... (Е) 


| = ‚| My, =, ns [| | god 
which is в rotation about O. Let (E!) be a right-handed (or left-hand- 
ed) rotation about an axis OA through an angle @, and let 
VET +r. 
Then (E) is the resultant of 


a right-handed (or left-handed) rotation through an angle 6 about OA; 
&n inversion, or reflexion about the origin O ; 
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the order in which the two operations are performed being immaterial. 
Therefore by Ex. £ of Art 3, it can also he regarded as the resultant of : 
- a right-handed (or left-handed) rotation through an angle 0 about OA ; 
a reflexion about the plane through O perpendicular to OA; 
the order in which these two operations are performed being again 
immaterial. Taking the latter view, we will describe (E) as a right- 
handed (or left-handed) * psendo-rotation of angle 6 having OA asa 
pseudo-a.ts ; в pseudo-axis being a locus of points which suffer a re- 
flexion about the origin. 

1f 0:=0 or is а multiple of 2r, the pseudo-rotation (E) is simply a 
reflexion about the plane through O perpendicular to OA. 

Ы 0= -+r or is an odd multiple of т, the pseudo-rotation (E) is the 
inversion, i.e., a reflexion about the origin О; and every straight line 
drawn from О can be regarded as a pseudo-axis. This ease ocours when 
and only when, $= —I. Я ` 

Except when $— I, there are two and only two pseudo-axes ОА 
and OA’, drawn from О in opposite directions. 

Applying Art 4 to the rotation (E^), we see that the radicals 

e — 


Q= VITI m n, Q,= Ут mh, 





Q,— ^ —1lt»5,—1,—m,, .. (1D 
Q= l+ tm, tn,  R--—39—1,—m, -hs (VY) 
satisfying the equations ` 


n*—QraQ-QiL 9° +894, (0*—В*)< m Eu, tl, ` (9) 


are all purely imaginary, and that Q,, Qa; Qas Q can be so chosen ав to 
satisfy the relations 


Q,Q, =n m, QQ =l Tni, Q,Q, m, +1, . (3) 

QQ, —n,—m;, QQ,=!,—n,, QQ, =, ~la. we (9) 
We have R=0 (or Q, =Q,=Q,=0) when and only when (E) is the 
inversion, ie, p=—I; and in all other cases there are two and only 
two possible choices of the four radicals Q,, Q,, Q,, Q consistent with 
(3) and (35. — - 

When the above defined radicals have been chosen in accordance 


with (3) and (3') we can deduce from Theorem I the following theorem, 
in which the axes OX, OY, OZ are right-handed: - 
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Theorem IL When $— —1, the equation (E): represents the inversion, 
t.e., a reflecton about the origin O; In all other cases (t represents a right- 
handed pseudo-rotation:about- О having a pseudo-aets OA whose direction- 
cosines are 


p= S v= Ma 


vi 
R' RC R 


$ 

° 

and angle a which is determined by the equations 
cosa=4(1, +m, +n, + 1), sina—4QR ; 


t.6., tt їв the resultant of a right-handed rotation a about ОА and a reflexion 
about the plane through O perpendicular to OA. 


Ёш, ; When the square semi-unit matrix-¢ m (Е) has the values 


-1, 0, 0 | соё, О, wind | 
' O, cos#, -—sin8j |, O —}; 0: | 
l 0, sind, совӣ | . 7 86, O; cond | 


the equation (E) representa-right-handed pseudo-rotations of angle 0 about O having 
OX, OY, OZ respectively as pseudo-axes. 


Ke. ii. By a transformation of right-handed rectangular axes it.can' be deduced 
from Ex.i that the equution of а right-handed pseudo-rotation of angle 0 about О 
having a pseudo-axis OZ’ with direotion-cosines A, u, v is: 


Рү=фР,. 


where 
p= -—-1--(1 + 0080) BM el, иә |+вїпӨ » 0, =A 


| A, ур, »*—-1 | mr М 0 1. 


Ke. зн. Ifin Ex. ii we put. 


$-| m, m, m, |, s=date= —1, 
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we have 
1, 8+ (8— сов): (A3 — 1) 8A? + cosb: (1—A*), 
mn, =8 + (5— совӣ): (и? — 1)= 8и? + сове: (1— и"), 
n,=3 + (5— сов): (v? — 1) = dy? + cosh: (1—»?), 
т, +m,=2(8—cos0)'ay, — l4 n,-2(8—cos0)-vA, m, 15 2(8—coad) Au 
n, =m, —2sin8.A, is PL anny, m, —L, = 2gin0. > 


The corresponding formulae given in Ex. vi of Art З are obtained by putting 2-1. 


6. Analogies between rotations and pseudo-rotations about 
the origin. 

Tf we make use of Exs, ii and iii of Art. 5, we can give a direct proof 
of Theorem II which is strictly analogous to that of Theorem I given in 
Art. 8, provided that we determine those points which suffer a reflexion 
about the origin O instead of those points whose positions are unaltered. 


Tf 8—dotó-— +1, then in both theorems we have 
Q,= SF, =m, Sng, Q,— Vtm, —na— li Q,- vtn, —l, —m, ' 


Q=V84+1,4m,+n,, 0 BE430—l1,—m,—n,, 
е 

Q,Q,=n,+m,, 0,0, =1, +, @,0,=», Flys 

QQ,=n,—m,,  QQ,-lh—n», QQ Sm, =l, 
In both theorems the latent roots of $ are the roots in p of the eqnation 

(p—8) (p* —(I, +m, +n —8)p 1) 0 ; 
and both theorems can be proved by determining all the solutions of the- 
matrix equation 
$ (5). P0. 


In both theorems the matrix $(8) is degenerate, and its conjugate 
reciprocal Ф is the symmetric matrix 


TEH, ту. 1, Tn, 1, +», 
$= т,+А, S+m,—ny—l,, mtn, 
в +, fal] ms, d+n,—l,—m, | 
Q 


=. Q, [Q,,Q,,Q,] 
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Ез. i. From Ex ii of Art. 8 it will be seen that in both theorema we can put 


А, Ay 
$-3(1-2| wy | [Aska J] {I-22} д, | ГА] 


s Ris 
where (А ti”) and (Ashea) are two sets of direotion-cosines. We then have 
° 


[9,,0.,9,9]=8 / S [niv mars, УАУ Лу A pa А Ау АА Bas tr] 


А EN, 





R- £245. V (pira Вау)? + (A PA) (Ада 7421) 
cosa 15: (Q? — R°) ; sina=4QR, Q? +R*= 48. 
Ex. її, The completa ams and complete pseudo-amis of an equitense transformation 
about the origin O. 


If we define the complete awis to be the locus of all points whose positions are 
unaltered by the transformation, and the complete pseudo-axts to be the locus of all 
points which suffer a reflexion about О, the general characters of these two loci for 
any equitense transformation about O are as shown below, where-; 


a means ац angle which is not a multiple of v ; 
L means & straight line drawn through О perpendicular to р 
p means a plane drawn through O perpendienlar to L. 











Rotation of angle 0 about O. Complete axis. Complete pseudo.axis. 
е 
6—a : (ordinary case.) в вё, line L. The point O. 
= ж : (reflexion about a st. line) ast. line L. 8 plane p. 


0=0: (the identical transformation) | The 3-way space The point O. 























— — 
Peeudo-rotation of angle 9 about О. Complete axis. Complete psendo-axis, 
8a: (ordinary case). The point 0, в въ line L. 
6=0: (reflexion about a кае E plane p. 8 Bb. line L. 
8x : (reflexion about O). Tne point O. The 3-way space B 








According as the complete axis is 


the point O, a st line through O, a plane through O, the 3-way space 0, 
the equitense tronsformation can be regarded as the resultant of successive reflexiona 
about I 

.8, 2, 1, O planes through О. 
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-It is а rotation in the second and fourth cases, nnd a pseudo-rotation in the first and 
third cases. 


7. Pseudo-rigid transformations in 0, regarded as rigid 
transformations in ©,. 


The principles and m&thods explained in the foregoing articles can 
be extended to ordinary metrical space 0,,, of n dimensions, where n is 
any positive integer. Any particular set of n rectangular axes drawn from 
а finite point О in 0,,, can be regarded ав right-handed ; and by re- 
versing the direction of one of the axes we obtain a second set of 
rectangular axes in 0,4, which is left-handed. The choice of a standard 
set of right-handed rectangular axes in One, will depend on some 
standard n-dimensional configuration in fe m 


Let О, be the ordinary 3-way space Q which has hitherto been 
considered, (OX, OY, OZ) being 8 seb of three rectangular axes in Q, ; 
and let (OX, OY, OZ, OW) be a set of four rectangular axes in an 
ordinary 4-way metrical space 0, which contains (),. Then if the first 
of the equatioys 


abo ll Ae L L a з 
у; Em m, m, m, b y 
Zy n Th, y Ty, € £ ' 
1 | po. 0 O Le} | 11 
ds L L 1 оо] | у 
ji т, ine m, 0 0 y 
z, |= 2, naa 00 z (1) 
w, 0 0 0-10 w 
1 0 0 0 Oli 


represents a pseudo-rigid transformation in (),, the second equation 
represents s rigid transformation in Q,. Moreover if S is any 3-dimen- 
sional body in Q, which is converted into S, by the first transformation, 
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w being O for all points of S, then the second transformation also con- 
verts S into S,. Consequently S can be converted into 8, by æ 
succession of infinitesimal equitense transformations in @„, £e. by a 
continuous displacement in which it moves as a rigid body ; but in 
general it will be entirely outside the space О, in all the intermediate 
positions. 


Again of the first of the equations 


ay f Gg - > z 
yi [=] m, mg Ms y h 
ED hy fü. % — z 
Cu |] dry us 0 4 
yi m, m, m, 9 y 
= . (2) 
2i 3, n, n, Ü 8 Е 
NA _0 0 0—1 1 qood 


represents s pseudo-rotation in О, about O, the.second equation re- 
presents a rotation in Q, about О; and if Š is any 3-dimensional body 
in Q, which is converted into S, by the pseudo-rotation in 0,, then S 
will also be converted into S, by the rotation in Q, represented by the 
second équation. The two transformations have the same complete axis, 
but the complete pseudo-axis of the second transformation is the space 
determined by the complete pseudo-axis of the first transformation and 
the new co-ordinate axis OW. The-pairs of transformations next 
considered are representative cases of (2). 


The two equitense transformations about O represented by the equa- 
tions 
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æ, | | cos, —sinó 0, 0 4 
y: Bin, cos, 0, 0 y 
= .. (3) 
£i 0, 0, —1, 0 £ 
m ш, pire 0, 0, 0, -— 1 40 


are equivalent when appliod to a 3-dimensional body in N,. The first 
is а pseudo-rotation of angle 0 in Q, having OZ as a pseudo-axis; the 
second is a rotation in Q, which is the resultant of a rotation 0 about 
the plane (OZ, OW) and a rotation т about the plane (OX, OY). In the 
ordinary case when 0 is not a multiple of т, the first transformation has 
the straight line OZ as complete pseudo-axis, the point O as complete axis, 
whilst the second transformation has 
the plane (OZ,OW) as complete pseudo-axis, the point О as complete axis. 
In the particular case when 0= (oris an odd multiple of т), the 
first of the transformations (3) is а reflexion about O in Q, ; and the 
second is в reflexion about O in D,, which is also the resultant of в 
rotation т about the plane (OZ,OW) and a rotation v about the plane 
(OX, OY). «Тһе first transformation has 
-the 3-way space О, as complete pseudo-axis, the poiut О as complete axis ; 
whilst the second transformation has 


the 4-way space 1, as complete pseudo-axis, the point О as complete axis. 


In the particular case when 0=0 (or isa multiple of 2т), the two 
transformations (3) become 


[A і, 0, 0 “ 

У, = 0, 1, 0 y , 

Zi _0, 0 —1 | j| s | 

“з, |] L O, 0, 0 | 
0, 1 0, 0 

yi m ’ y (4) 
Zi 0, 0, —1, 0 z 
w, _0, 0, 0, —1 | j| w 


The first transformation is a reflexion in Q, about the plane (OX, OY) ; 
and the second is s rotation in Q, through two right angles about the 
the plane (OX, OY). The first transformation has 
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the straight line OZ as complete ia axis, the stat (OX,OY) as 
complete axis ; 


whilst the second transformation has__ 


‘the plane (OZ, OW) as complete pseudo- axis, the plane (OX, OY) 
as complete axis. 


From (4) it will be seeii that, so far as events in (1, are concerned, a 
reflexion in Q, about.a plane p is equivalent to a° rotation through two 
right angles about p in Q,. Thus if a man existing in О, and occupy- 
ing the configuration H surveys his image H' formed by reflexion about 
a plane mirror, he will know that he could be carried from H to H' by 
a rotation in 2, about the plane of the mirror through two right angles, 
т.е., by a continuous rigid movement in Q, ; but in the execution of this 
movement his Q, -existence would cease in all the configurations inter- 
mediate between H and Н’; z.e., in every such intermediate ‘position he 
would be entirely outside the space Q, to which his existence is confined. 
Using definitions appropriate to O,, the right arm of H will be converted 
into the left arm of Н’; but if we used definitions appropriate to О,, the 
right arm of H would be converted into the right arm of Н’. In the 
latter case we regard H and H' as two different aspects of the same 
8-dimensional entity, and distinguish between the two sides of that 
entity in- Q,, a distinction which is impossible in 0,. Similarly in 
speaking of the right-hand and left-hand edges of a printed page, we 
use definitions appropriate to 2-way space ; but in order to speak of the 
right- -hand and left-hand edges of a printed leaf, we should have to 
distinguish between the front page and back page, and use definitions 
appropriate to 3-way space. 

The distinction between congruence and pseudo-congruence (or 
between a right-handed and left-handed set of three rectangular axes) 
which occurs in Q,, disappears in О, ; and both the spaces О, and Q, 
have definitions of right-handedness and left-handedness which are 
peculiar to them. Similarly ‘the distinction between congruence and 
pseudo-congruence which occurs in 0,4), disuppears in Q,,, ; and 
every space 0,4, has definitions of vight-haudedness aud left-handed- 
ness which are peculiar to ib. , 
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Ох THE EVALUATION ОР SOME FACTORABLE CONTINUANTS. 
Part IT. 


BY L 
Satish CHANDRA CHAKRABARTI, M.So. 


-In the first part of this paper, published in the Bulletin of the 
Caleutta Mathematical Society, Vol. XIII, Nos. 1 and 2, pp. 71-84 
towards the end of the Article 7, there have been given some operations 
for ‘évaluating а factorable contiriusnt. In ‘combining these operations 
we have got some identities which are treated in Arts. З and 4 of the 
present paper. In the paper? of Mr. Haripada Datta in which the 
above continuant occurs, there has been given another factorable 
continuant which has been evaluated in Art. l-determinantally. In 
combining the operations given in Art. 1, we have got some more 
identities which have been established in Arts. 5, 6 and 7. In Art. 2 
we have considered the general case of the ‘identities which occur 
in Arts. 1, 2 and 3 of the first part. 

1. The continuant ; 


1 . e 
1+а"71у, lty А 2x -— 
.(a—l)(a7'—1)y lay - > w 
(yat) ltaty, œ 
(a*71—1)(ao—l)ya*"7*, Lat ty, w | 
(14a*7*y)a*z, 11 
EEANN +a' y) (L-at*75y)] 
x ((1—2) (1—ав) (1—a*2)......(1—a*7?9)) 
1 Haripada Datta, "On the Failure of feilermann's Theorém," Proc, Edin, 


Math, Boc, Vol. 86, park 2, 1916. 17 er „Univ. Кап. Math, Depart. Session 1917, 
Research paper No. 7, pp. 10. 
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Here the elements, except the first and the last, of the lower minor 
diagonal, are given by 6, —(l--a"-7*4)(l--a"**7*4)a*^! and e,.,, 
z(a"—1l)(a^7"—1)ya**-*, where e, denotes the element of this 
diagonal in the rth row. 

Let us first consider the particular case when n=3, vis. 


1 Ф 


1-Fa*y 1+7, в 


(a—1)(a?—1)y,  l+ay, g 
(1+y)(lt+a’y)ja, = 1+aty, w 
(a3—1)(a—1l)ya*, l+tary, æ 
(1+ay)a*, 1 


On this perform the first operation 
—a*(a* —1)(a— Dy* (1-y) (1--ay)col, +а (a°—1)(a—1)y*(1+y)col, 
+ a(a* —1)y(1+-y)col, —(a* —1)ycol, —col, +col, 
This enables us to remove 1—w# from the last column and then subtract- 


ing the first column from the last we can remove another fastor—(1+y) 
from that column and write the co-factor in the form 


MENTEM x ө 
а? (a* —1)(a—1)y* (1+5) 
1 2 0 0 0 
l+asy, 1+5, a ` 0 1 
(a—1)(a* —1)y, 1+ay, " a(a* —1)у 
(1+5у)(1+а%у)а, l+aty, a* (a* —1) (a—1)y* 


(a* —1)(a—1)ya*, —a*(a* —1)(a—T)y*(1-F ay) 
On this déterminant perform the second operation 
(a—1)col, +a? (a—1)y(1--ay)col, —a* (a —1)ycol, —acol, +col, 
This enables us to remove the factor (1—az) from the last column and 


then subtracting the first column from the last we can remove another 
factor —(1-Fay) and get the co-factor im the form 


laty 
y(a—1) 





e 
1-4-a*y, 1+y, | 1 
(8—1) —10)у  a*(a—1)y 
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On this performing the third operation 


(a5 —1)e01, —a%col, --col,, we have 


а 1 Ф. 1--а% a ja » 
—— ARP -(l—a*w)(l4a*g 
y(a—1)(a* —1) 1+а%у, 1+5, 0 


x (1+a5y) 
(q—-1)(a* —1)y, 0 
^ the continuant of the 6th order=(1—»)(1—ax)(1—a*.x)(1+y) 
(1+ay)(i+a*y)(1+a%y) 
In the general case if m, denotes the multiplier of the kth column 
and | that of the last column, then we have: 


In the first operation 
Bri — Te +4 
m,,2(—1)a  ?  yri((at13)(a171— 10). (at 21)). 


(149) (1- ay). (1а? 7y)] 
353 —87 


mis. m(-1)a 2 yt {att I)a" L). 1). 
: {(L+y)(L-tay)..(d-+a"-*y)} 
lis governed by these two rules. 
I In the second operation 
Г 3ri—5r+4 
m =(—1)'a Š ут (атт D (an7t 2). (a7 —1)] 
(OF ay) 1 a$y).. (1-а 7 y] 
3r? —r 42 
mn, m(-1)a ?  y'{(a"=t—1)(a"3 1)... (2171 —1)) 


(Q -Fay)( 4-05)... (3-0 719)] 





L I=a—1. 
In the third operation 
Ir Br 4 
m,m(-D'e 2 yrfa Dan). (atr 1) 
(Qn a*y) (1-253)... (14-2 g)] 
Br? +r 
m= la 2 š yr((at7*— 1) (at7*—1).. (a777*—1)) 


{(1+а%у) (14азу)... (1+7) } 





(a i=a*—l, 
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Tn the fourth operation 
аны л, E 
m,m(C-D'a È yart lass... (a= )} 


(Oo afy) (laty). (1-0 зу} 


3843046 2. °. 
ња (а E yfai). (a1) 


Казу) (1--a*y).. (1-2 1)] 
i—a3 —1. Š "o S DRE 
amd so on. 


In each of these operations m, is always unity. After each operation 
being performed we shall find a factor of the form (1—a’«) removable 
from the last column. Removing this factor and subtracting the first 
columi from the last we shall find another factor of the form —(1+a'y) 
removable from the last column, Оп removing this factor we shall 
have the co-factor in the form of a determinant on which the next’ 
operation is to be performed. ; 


9. fe(e--1)(e4-9) ... (2+1) | f 
={ (2—8) (6—5—1)(6—8—9)...62—8—7—1) 


+ (8-7 1)0, {(e—8)(2—8-1),., (#8 =2)} 


“(BPEL (848), (r3) (2 —8—1).. (4 —8—778)) 


+...... + (51) (Br 9) (8--7—8)... (9-110, L (a —8) 
` ${(S-r—1)(8-+r—2)..(8+1)8} identically. e (0) 


Proof. If we substitute any of the values 0,—1,—2,...,—(r—1) 
for e in (1), then by means of difference formule we can show that 
in each case of these substitutions the loft. hand-side expression =the 
right-hand- -Bide expre&sion--0. Again if =ò, each of the two expres- 
sions is equal to the last term of the right-hand-side expression. Thus 
for more than + values of e, the Са qi is satisfied. Hence it ів" 
an identity. 


Еа. 1. Putting дез] and 28—8--1 in (1)-we get as 8 x ratis 
ease of thé theoreti (1), tlie same identity as given in Art 1 of the 
firsb part. Ni 
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_ Ea. 3 | Putting 28—1, r=} and 2e=a-+2h—L in (1) we have 
(a+ 21— 1) (аъ) (a--2h--3)...... (040—8) 
я = ((a- 2h.— 2) (a+ 2h — 4)... (а+9)а) 
4 (8—1), ((a-F 92 2) (a+ 2h— 4)... (4 2)} 


j PP : 
+ (2h—1)(2h—8Y0, {(a+2h— 2,(a42h—4).--(at4)} LETT 


gr IIT h P 
+ ((25—1) (213)... (2h—2k-- 1) C, ((a-- 2h —2)(a-- 2h 4)... (a+ 28) 


h E 
Tes + {(2h—1)(2h—3)...3}C,_, (a +2h—2) 
h 
4t ((95 —1)(24 —3).-.3:1)0, Ë . (2) 
But - š m 


"us ZR 
{(2h—1)(2h—8)...(2h—-2k-+1)}O, 
` \h ; ИС 
= тр (@L—1)(N—3)..@h—2k-+1) 
E ш D} (21 —1) (28). (25 —2k4-1)) 


s DO n. Gio sem {(2h—1)(2h—8)...(2k—2k-+1)} 


; ; TEN Әр 
. .E[E3:5:,.(2k—1))044 i 


PN | 25 (2h 
=r Ok 2-4-6..(2k)} =11`5°5'.-;(®9®—1)}[9%—@& Bk 
Heuce fii (2) we have 
{(@+2h—1) (a4 2h-+1)+(a+4h—3)} m 
т i = {alut 2) (att)... (a+ 2h—2)} Caa 
L 
+1-0,,-, [(a+92)(a+4D...(a-+2h—9)] 


ah | . у 
-1:30,, . (Co 4)(a-- 6)... (a 2h —2)] +... 


3 


> Dh ` I | 
4 (1:875... (25—1)0,, I fa+2k) (at 2h-+2)...(a+2h—2)} 


2h 2h 
Tees T3 p (2h—3)])0, (a 2h —2) + (1:8: 5 (2h —1))0, 


which ів the same indentity as given in Art, 2 of the first part. 


06 SATISH OHANDRA CHAKRABARTI 


Ез, 8. Similarly by putting 20—3,"—A4—1 and 2e=a4-2h—1 in 
the theorem (1) we can show that 
{(a+2h—1)(a+2h+1)...(a+4h—5)} = {ala 4-2)... (a -- 94 —4)] 


2h—1 
41:0, ,-3{4-4+2)(a-+4)...(a+2h—4)} 


2h—1 
+1:'3C. - Í(a+4)(a+6)...(a +2)—4)N 


4-1:3:50,,.., [(a+6)(a+8)...(a+9h—4)] +... 


21—1 24—1 
4í[1:9-5..(24—5))C, — (a--21—4) -- (1:8:5...(25—3)]0, 


This identity has been given in Art. 3 of the first part. 
n—k n—k 
Ba. 4. һп—1+—2С,  (ack—1)4|n—30, (a4 k)(a--k—1) 
n—k 
+ 5—40, (a-Fk--1)(a4- 8) (a4- k—1) 4 ...... 


zii 
+ io 11a:6—8) (a8 8)... tak E 
—[k—1((a-4-2k—1)/a-- 2k) (a- 21-1)... (а-а) 


identically, where » and k are both positive integers and kis less 
than n. С 


This identity may be deduced from the theorem (1) by putting 
d=l—n, r=n—k and —3-a4-84-k—2. 


Be. 5. Bm-h-i^5—-" qb dn—A—2 n—r Atl a+r+L—1 





"md. €, €, p- — Cray C, C, 
n—vr ht? ++ n—r ht+Sa+r+h+l 
2 n—A—3 Cras ©, C, B ju—h—4 О, C, C, 
+ r—1 + F—1 
#—" n—r—l a+-n—3 
[n-r—Ah—-1 }—2 Onr- О, (e cakes 
| Tee pi 


#—r n—r atn—2 


Pel № Oy, 0, О... 
+ (r-1 


nr : 


= 0, ((a-2r--À— 1) (a Beth) (atr tht) (a). n4 r —2)) 


identically where À ів <n— and rn. 
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Proof. The left-hand-side енген 








n—r ` n—~—r—h a+r+h—1 
= Cy | Bee +11952 n—A—2 O, 0,7. 
Fl ^l 
n&—r—19» a--v4- А n—r—h PME A 
+2 [n—h—3 О, 0, yË #—— [n-—-h—4 О, б, 
1 ` ү—1 


s&—t-—h ^. а+п—8 


n—r—h atn—2 


P1 p-r—h С, а Cark | 
0—1 


If k=n—h, b=a 4h did hende ааа then the left-hand-side 
expression _* LUN 


k— 
=0, f lk—1 ING 0+ = З б, н) 1) 
dist p= 


jio C, бнер) ЕТЕ 


+ 


—1 k—+ i tects U 5 ei а КЄ | 
= 0,--[@+k—9)(0+k—8)...@0+r—1)) | i 


n—r EON iy =s I 
= С, (b--2r—1)(b-F2r) (b-F2r- 1)... (b-- k-Fr—2) by example 4. 


Hence the left-hand-side expression 


н лажа) РТ (a+n+r—2)} 


dose ke ЕЕ РА WEG. "gif. 
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» 
3. If (a, b, =), denote the expression {a(a+b)(a+ 2b) 
US i NS 

(at r—15)) —C,1(a—d) (a+b) (a4-2b)...(a-+-r—1b)}a 

" 
FO, f(a ~d)(a+b—d) (a+ 2b)(a+3d)...(a--r—1b)} 2? 

: e 

y 

—O, ((a—d)(a-Fb—d)(a-- 9b —d)(a--3b)...(a4-7—15)] a* +... 


+(—1)'0, ((a— d)(a--b—4)...(a--r—15—d)]a'. 
then I 


? T 
(a, b, в), —a(a-Fb, b, е), — (a(a-- b) (a4-2b) ...(a4-v—1b)]. 
rl 
x (1—2) identically i . (8) 
jo hr 
For the coefficient of atin (a, b, » ), is (—1) C,{(a—b)a(a+b) 
(a+2b)...(a-+-h—2b)(a+hb)(a-+ht1b)...(a-+7—1b)} and the 


r . hr 
coefficient of z*in—(a-b, b, œ ),e is (—1) CG,-,la(a+bXa-+ 2b) 


(a+ — 9b) (ahb) (a --À 4 10)... (a--rb)] 
^. the coefficient of z* in the left-hand-side expression of (3) is 


„а 


(— D {a(a-+-b)(a+2b).. amen. (a+r ib}. 
r r h 
x [C, (a—5) +0, -,(а+®]=(—1) {a(a+0)(a+ 2) 
„(a+ =2b)(a+Ab)(a AF1). (a+r 10)}" bats) 
h _ 741 
=(—1) {a(a+b)(a+2b)...(a+r—1d)} O,. 
^ (a, b, reads b, ККЕ tutu by Cu 05) 
*+1++1 r+1 


e т+1 rl 
o (a r—15)] (1— C, æ+ с, а —...+(—1) UNES 


= {aa HA (u 89)... (o- А1) 
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T r a 
4. (a+rb)(a, b, » ),—a(a--b, b, e )y—rb*x(a4-2b, b, z),,=0 


identically... (4) 


For, in the left-hand-side expression of (4), the coefficient of z* is 


h 
(—1) "Cy ((a—b)e(a--b)...(a4-Àh—2b)(a-- hb)... (a--rb)] 


h 
—(—1) 'O,{a8(a+b)(a+2b)---(a+h—1b)(a-+h+1b) 


r—]1 ` 
(ач rb)] 4-(—1)* O,_,rb*3ía(a+b)...(a+h—2b)(a+h+1b)...(a++b)) 
—(—1) {a(a+b)(a+2b)...(a-+h—2b) (a--h 4-15)...(a-- rb)] 
z vr—1 
x [" C, (a—b) (a-- hb) —' C,a(a--h — 1b) --b*r Cr] 
h — — 
=(—1) {a(a+b)(a+2b)...(a+h—2b)(a+h+1b)...(a+7b)} 
"O,[(a—b)(a- Ab) —a(a--h —1b) Аз) = 0 for the expression within 
the brackeis [ ] is zero. Hence the theorem is proved. 


n 
5. T£ S, denote the sum of the products of the n factors, l, a, a*,-- 


4*7! taken rof them at a time and i| ij denote the product 


(a* — 1)(a*71 — 1)--«(a' —1) then| "T J-e- ^7] rk 


8, 
h—r h—3 rtk h—v h—4 rk, 
+21. h—r—l j qa IP 3i h—v—12 r Se. ту" 


E кв) u n e 


=0 where /, > and k are all positive 
8, r 


integers k varying from 0 to À—r— 1.! 


1 


[1 Note :— If n їз less than v, "8, їз to be taken as zero but [ 8 ] ав mity. If 


nær then E ] denotes a single factor vis., a" — I.] 
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(2) Let us take the series u,, Ug, tta, t,,..8nd obtain from it 

another series by subtracting each term from the term which imme- 
1 1 1 

diately precedes it. The series и, —S, ú t, 8, ttg, tta —S, u, е, thus 
found, may be called the series of the first order of differences and 
let this series be denoted by A,- Multiply each term, of Ap 
by а and subtract the product from the,torm which immediately 
precedes it, then we get the series of the second order of differences viz., 


2 2 2 2 2 2 
wu, 8,9, 8,9, и, 8,9, 8,6, n, S 0, Su, which may be 


denoted by A,- 


Similarly we are to get A, . from A, by using at asa multiplier 
УЛЫ Aye ate. 


and so on. 


Here we observe that some formula holds in the ense of each term of 
any of the series A, and A,. Let us assume that this formula holds 
in the case of Д, _, t.e, suppose A,., is 


r—1l rol | r—Lr—1 951 
— B, u, t B, uym. t(l) Bruit u — Š, u, 
gual rl 5 
t +...(—1) БИНТ 


Then by multiplying each term, by a'^' and subtracting the product 
from the term that immediately precedes it, we get the r'* order of 
differences vtz., 


r r rr r r 
thy — B, ta b S... me (1—1) Su, uuu, - Sau. HRS u, 


TT r—1 r 
Eten S urea | for Sa ar? ig... =8. |. 


Thus if the formula holds in the case of A,.,, it also holds in-the 
case of A,. But it holds in the case of A,, and A, and hence it holda 
universally, 


(т). If А, donote the sum of the products of п factors 
4,0,*,a*...0* taken + of them at a time then it is evident that 
TAyt "Ay m" À Hl A үш! +18, andf{since every term of 8 is the 
product of r factors and each of these factors, multiplied by a, gives the 
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уе,» Ь 
corresponding factor in the corresponding term of A,, we have 
kh RÀ 2 
a'S,—AÀ,. ME 
(iii). Let us take the series A, viz 
r rr r r 
2 — Ban, HS e, HCL) 8,94, —S,u +S,u, 
° 
—..cr(-1) Stray, oe 
Multiply each term, of A, by 1 and subtract the product from 


the term which immediately pracedes it Let the series, thus found, 


be denoted by D,,: Then the firat term of D, is 


1.2 7 1, f Toc 
ну 08: +10), + (2*8, aB,)u, —... 

T 1 E т+1 1 T 
+(—1) (48, tot 8, itry +(—1) ann Q'S thras 


17 17 7 
E (А, +1), +, HA, Jig. 


rl 


1 +1 
Заа by Gi) 


i r1 тоот 7 
+(—1) z. +A, rg, +(—1) a 
° 


r+1 1 +1 


=u, -75 ta +8, Ws... 


жү rt "+1 Q,9 r+1 ` 
+(—1) a teg, C1) дЗ чаена by (ii) 


Similarly the other terms of D, may be obtained: 

We can similorly show that if the series obtained from D,, by using 
L as a multiplier, be denoted by D,, then D, is - 
а". 


r+2 1 "+9. 14-2 1 r42 1r+2 
kiwa Bit, 7; Su, — HLL) AU 3) В, занава m aa из 


r42 q +2 | 
- +... +(—1) а) Sees eaae 
x а 


2 : 1 1 
Thus D,, D... may be obtained by nsing су, =... ав multipliers. 
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Then by the method of induction we can show that D, is the series 
_ arth 1 nk rth 3 rk 
у 5 ite + ED Sitam +(— 1) TGFA) Bran 4, рафа 
ü 


yrth reek 1 n 
thy gh 8, "+... ү —1) 30+) БИНТ 


(iv). Let us now take the seaies 
h—1 E 1 h—2 "Ат һ—$% 
[еч] а]? 
— h— m h— 
ш a ae ] з [ a” |@-1) 
T] 0, 0, 0, 0 
1 1 1 > awe 


Then 


һ—т 
s h—2 h—r—1 h—3 
Ay 38 a r—9 | а ED т} 


h—r—9 [ h—r h—4 hor = 
mrt De Wt af en 
° 
Ma | 0, 0, 0... 


2h —7) 


ku p A E P (arr -1) Ex 
2097 ton] PAC Qe gen 


h— > 
[ i ] 0. 0, 0... 


тш n] petiit) [4*] 


Pr] PrP ye 8 к 


А, is 0, 0, 0...... 0, [ү | 0, 0, 0... 


(r—1)(hk—+—2) 
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Hence all the terms except 5 —7--1'* of A,, except h—r+1'* and 
h—r'* of D,, өхсөрЬ h—r-4-1'^, h—r'^ and A—r—1'* of D, eto are 
zero. In the case of D,.,.,, the first term iszero but all the terms 
fram the 2** to the h—r-Fl'^ do not vanish. Thus the first term of 
each of A D, Dií,;.D,.,., is zero. Hence by (+) and (71) we have 


к 154 Ay һ—2 Té a 1 [on [us Tus 


-a h—r - 
Cb ате 1 ‚= 


where k varies from 0 to À—»—1. 


Iti ig interesting to note in this connection that if 8, denotes the sum 
of the products of n factors a,, 4,, а,...а, taken r of them at a 
time where a's are all.arbitrary, then using a,, a, а, otc. ав succes- 
sive multipliers it can easstly be shown by induction that the v!* order 
of differences is the series _ 


=e Е 


r T .T v -r ? 
w, — B uS +844, e (7L) Бн», u, —B 4, HB,u, 


+ ~rr [ Toc T +1 
—.u(71) S, 4. | for S. +a, ,8,-,= 8, ] 
| kr] 
P. qd 
dor ee, *8, identically. 
i T k š 
ЕВ 
h htl A+2 


Let T, denote the series S,, 8,, B, ... then we find by trial that 
the theorem holds good in the case of each term of the series T,. 
Let us assume that it holds in the case of the series T,_, 


k 
The first term of T, 18 8,. 


ktl-k cko к 
The second term idi T, is S, —8,-Fa*8,., ^ 


k 
=$, то. at rM 1 Drs attt 2-18, : 


: © pj 
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Thus we see that the theorem holds in the case of the first two terms 
of T,. Suppose it holds good in the case of ***7!8, 


But Баетов, paterni кът, = 





[ k++*—1 ] [ k++—1 ] 
ROY oo c cx ESI =——— 
ES r—1 
[i г) 
[ k-++—1 
k+1 L 
k , kpr—l10'—l ,_ Ж А ‚4—1 
x | e a'—1 I Sif = 1 T zz 
Tee 
[^ 
k 


k+ + н i'i 
[ii], ` 1 


EC 





“ajili 

1 1 • 

Hence if the theorem is true for r—1'^ term of the series T,, it is 
also true for the r'* term of the same series. But itis true for the 
first two terms of the series T,. So it holds in the case of eath term of 
the series Tą. Thus we вее that if it holds in the case of the series 
T.i, it also holds in the case of tho series T,. But it holds in the 
case of T,. Hence it bolds universally. 


doas: Y l4grtiiy ) 
| ы кш aa 
(a—D( а) 
2r n—k— | 
a | n—k—r—1 (тезу X l--a^**y ) 
Í 2, aki 
n—k— 
[a JL + 2-2 ] 

p í * ) 
at” | n—k—r—2 l+artk=-ig JU 14а у ( ae ity 
| 3 ТГ n—k—1 
[ 1 || n—k-—38 


n—k—r (n=k—r)r 
+...4(—1) a 
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| T ша жы ][ = | 
MEE) CERES) 
| 


identically. 
i 
Proof. Ify=— PR each of the two expressions of the above 
P 
is edüal to unity. - ; . T e 


1 , Б Я 
H y—— ү , the right-hand-side expression=0 and the left- 


hand-side expression I 
r n—k— 
esas, a] 
k—1 ETETEN 
n—k—l i n—k—1 ; 
e» «db orca i 


“ (allel 
[JE] 
Кешш е "E Ла | 
[ ie I ashe} ] 


paan 
g*7i-7r-1 n—k-v—1 
S ———— — "B 








n—k—1l n—k—1 
| n—k—2 


[ aioe |, 


+01)" — ee B oce 
[ n—k—1 
T 


by Art 6 
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2 1 {[ n—k—1 [P н 
> n—k-—1 . " В... 


Е 
"i п—0—2 1 m Ys. D к разу, 8, 


-k—r . r 
[ um g; ]8--- | = 


ns 
—.+(—1) 
for, if we put n—k=h, the expression within the brackets becomes 


h—1] _ : h—2 Fr h-r h—3 Fr 
[ r | a 7-1 Jl r Jalie r р 


£C». acl 


which ig zero by Art б.” 





Similarly by means of the theorem given in Art 5, we can show that 
both the expressions of the equation are zero, when we substitute any 


1 1 1 З : 
of the vales арр, — ЭКЕЕ! = V) for y in the equation 


Thus for n—k—*+ 1 values of y the equation is satisfied. Hence it is 


2n identity. 


As source of references is too difficult to be available here, so if any 
of the above results have been discovered by other mathematicians, 


we shall be very glad to mention their names in proper places. 


` Bull. Oal, Math. бос, Vol. XIV, No. 2. 


K. Basu i 





[Illustrating inter-atomic motions in K. Basu's Paper, pp. 116-17 ] 
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ON THE PERTURBATIONS OF THE ORBIT OF THE 
VALENCY-ELgOTRON IN THE GENERALIZED 
HYDROGEN-UNLIKE ATOM (A) 


By 
K. Basv. 


INTRODUOTION, 


According to the modern theories of atomic structure, the atom 
consists of a nuclear positive charge Ne, with N electrons rotating round 
it in different successive shells (N=atomic number). Of late years, 
attempt has be8n made to explain the spectral lines as well as the 
chemical properties of the atom on a dynamical quantum theory of the 
orbital motion of the electrons, The first attempt in this direction was 
made by Bohr ; by combining the quantum theory of energy exchanges 
with the nuclear theory of the atom, Bohr was able to explain very 
successfully the spectral series of hydrogen and ionized helium (Het). 


Bohr's method was generalized by Sommerfeld? in a remarkable 
series of papers. With the aid of the generalized theory of quantum 
vibration, Sommerfeld succeeded in explaining in a qualitative manner 
the spectral series of alkalies and ionized alkaline earths, and in laying 
down certain general rules for the elucidation of the spectra bf elements. 
Further progress in this direction is hampered by our inability to cope 
with the time-honoured problem of three bodies. 

The problem is to find out the motion of any one of the electrons in 
the combined field of the nucleus and the other electrons according to 
quantum-mechanics. When the electron happens to be the outermost 
valency electron, the solution of its motion would provide us with the 
key to the explanation of its visible spectra. Ifit happens to be any 


1 Phil, Mag. July, 1918 ei. segq. 
з Sommerfeld “ Atombau und Spektrallinien.’ | Ohap, 4. 
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one of the inner electrons the solution would enable us to explain the 
K—, L—, M— radiations in the X-ray region. 

Since an exact solution is not yet in sight, attempts have been made 
to obtain approximate solutions. Thus Lande* and Bohr* have tried 
to tackle helium (N==2), Sommerfeld* tried to tackle the general case of 
motion of the outer electron, assuming the total charge of the electrons 
to be equally distributed in aring of. radius c. But as we know 
from other sources of evidence, this is far removed from the actual state 
of affairs. The electrons are arranged in ‘different shells, containing 
2, 8, 8, 18, 18, 32, ... electrons which move according to definite 
quantum-conditions.* The problem is therefore to find out (I) The 
electrical field due to electrons moving їп definite shells about the 
nucleus, (2) to investigate the motion of the outer electron in the 
combined field. 


In the following I have assumed that electrons, situated at the 
corners of a regular polygen of n-sides are rotating with angular 
velocity o about the nucleus. The general field due to such s ring 
being found, we can obtain the total field by. simple addition. The range 
of validity. of Sommerfeld's assumption has also been investigated. And 
as a matter of fact, it is very probable that the outer electron cannot 
describe the same circular orbit permanently under the action of » 
rapidly moving electrons, on the contrary, it may.suffer periodical 
perturbation, the present attempt aims at determining the perturbed 
orbit of such an atom conventionally known as hydrogen-unlike 
( Wasserstoffundhnlich). 

"The ring configuration having Z—E electrons (Z=atomic number) 
was tackled by. Sommerfeld* on an assumption of sufficient quickness 
(hinreichend rasch) of revolution of the electrons and he calculated the 
energy. function by. a method of approximations, in terms of quantum 
numbers, which сап be utilized to frame the Haupt, Neben and 
Bergmann series formulae. The type of such formulae is quite different 
from that of the hydrogen atom, so the name “ hydrogen-unlike atoms” 
is prescribed to signify another type. of series formulae. Such ring 


2 Kossol, “Zs. f. Physik," Vol. 2, p. 470; Wentzel. “Zs. f. Physik.” Vok 8. 

р, m Сот. “ Phil, Mag.," 1922., 
а Lande, “ Phys. Zs..” 1921, p. ам. 

* Bohr, “ Ze, f. Physik," Vol, 9. pp. 1-67, 

+ Sommerfeld, “ Atombau. third ed,” Anhang, p. 721, 

° Loring, “ Atomic Theories.” 

*  Atombau und Bpektrallinten’ Zweite Auflage, Braunschweig, 1921, Zusatse und 
Ergünsungen, $ 10 pp. 606-14. 
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configurations have been applied provisionally with apparent success 
to a wide range of phenomena, notably, the theoretical derivation of 
Ritz formula and a fortiori of the Balmer and AE ones, and the 
computation of X-ray frequencies. 

The additional field ( Zusatzfeld ) of Sommerfeld is modified in this 
paper to fit in with the assumption that the angular velocity of the 
ring electrons will not be indefinitely large in comparison with that of 
the valency electron, provided that under certain legitimate limitations 
the ring configuration as postulated is a stable one’, and the ionization 
petentials found out theoretically on such a basis is in agreement. with 
experimental facts. 

Tn fact the term generalized is appended to signify an electrically 
neutral atom, although the present problem is applicable quite well to 
ionized atoms, and without loss of generality to all heavy atoms ionized 
to have a single valency electron, since the ring next to the latter has 
the most important bearing on its motion than other interior rings. 
Although, as a matter of fact, the theory of ring configuration of atomic 
systems is losing much of its interests and Bohr (loc-ett) conceives of 
separate orbital configurations for each electron still it is quite apropos of 
the time which has hardly ever any permanency of theoretical grounds. 


° II 


DETERMINATION OF POTENTIAL FUNOTION. 
(a) By the Method of Zonal Harmonics. 


Suppose generally there are n electrons situated at the corners of a 
regular n-gon, which is rotating with the velocity w. We wish to find 
out the potential at an external point (rj) having a charge —e, the 
initial line passing through the centre and o particular electron on the 
ring. 

We have 


v=— 2% eet Lu 11 ) 
r r, m” r, 


where -fiaa аге the distances of. the electrons ‘from (7,0), the 
Aufpunkt, and + Ze the central charge. 


1 The stability will be disonssed in paper B in tho next issue of this Bulletin, 
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Now 

r, =r" +a" —2racosé 

r =r -+a* —2racos(0+ a), eto., 

r,” =r -- a? —2racos(0--s—1a), where ane”, 

n 
We have Ы 

р zi( Le P (OHTI nt Š ) P464 Sa) +... ) 
T, 7 т T 


For brevity, let us denote 


P.(0+s— a) by P,,,.,. 
Then 


3 
VA , * 
v=- «(2 YPaso+( = ) Poste] 
es а a : 
+ | 1+( » yes F ) Panto Е 


(е 


That is 


yan te + = je d ) 8," + «] if 
r r т т 


Si=P,,, Pasi Pass teet Pnn 





We know 
Pos a | 800962, 7 eos(m— 20 
; 1:8: m(m—1) _ 
+2 1:2-(2m—1)(2m—8) cog(m 4)0-- AEP. ] 


similar values for Pns, Р„,,, etc. [See Byerly's Spherical Harmonics 
p. 159.] 
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Whence E 


_ 1:3:5...2m—1 
206 m [2[cosm8 + ias + 2) t gos? +2a) 


+... +еовт(#-еп—1а)}+9- | Bi eon te 


+cos(m—2)(6-+a)+...+008(m—2)(0-+-n—1a)} 


1:8: т(т—1) 


T-3(2m—1)(2m—3) {cos(m—4)6-+cos(m—4)(6-+-a) 


T2: 


+... 008(m—4)(0-+-n—1a)} +++]. 
Put 
C7 (8) =coss6 +0288(6+-0) +... + eoss(Ó -- —- la): 


° (sm, m—2, m — 4, eto.) 


20100) =cos {+(ns} sin 5 sa/sin^s.. 


cos (20- l, sinsn/sin™™, 
n n 
= 0, (=). 


C£ (0) =cos n8 + (n —1)r] sinnm/sinm. 


Now, if n odd, sinnz/sint=n ; 1Ё n even, sinnm/sirm- —n ; therefore 
C1(0)- -Encos[n0--(n—1)r], according as n is odd or even-nocosn6, 
whether n be even or odd; and Of, (0) =cos{2n6+(n—1)r} 
віпдпт/віп т =псов2п0, whether n be even or odd; and so on for 
C1, (9), (r=1,2,...adinf). ` 


When m even, 


1-3:5,. m —1 


: 
Siena y ea 1); (Byerly, loo. eit) 


when m odd, 


S; —0, (тфа) 
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P “ВБ... И 
lamama 20 ta (9 4 9- ДаР о; e 





_1:3.5...9n+3 9, L:n42 
“Sat. died "purs (590 


all others except O2(0) vanish 
(Ce C2(0) z 0, mn as shown ante). 





„ „1°8'5..,9%+}7 
**179:4:6...2n-4-8 





ln 
[20:,, (0) +2: P535 Ba 


.1:3 (n+4)(n+3) as, 
+2' i39 арту LS) et] 


_1:3:5...2n+7 „1-8, (n4 Ay(n--3) | 
= в 7 D (npa i e 


all other terms contributing nothing, excepting Ол(@); and so on. 
Hence Й 


Оа) 


,1:3:5...2n 4+7 a 1:3(n4- 4) (9+3) 
574-6. npe T-2(2n 4-7) (2n-- 5) 


neosn + ote. } +{(4 ) з 8.1: zii 8. &. t 1 cos2nó 
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wate 





a 1:8:5..4n--3, 1-9n4-2 С у= 
2) “Sul ad Гы Т 


1-8:5..49-67 1:8 (2n4-4) (22-8) | 
9 2:4-6 134.8 i$ UC MM + ete. ] 


л jp iene: 0C )+-] 


дез [ f. (r)eosn8 4- f, „ Q')eos2n0+ etc. ], 





where 
ü Е ata ats 
= = 8 Q 
falr) =a,( + ) +в.( T ) *»( T ) Tes 
зх guts saute 
a 
fO 5) + Parl 2 ) +.( ) 
"and so on ; 
135..2n—1, 9 1 2n4.1 
арр PTa aaa tt 
1:3.2n41,2n43, _ 8, 2+3 
ee аа mi a epa eroe 


far) fa (7r), ete., being the same functions of > as f,(r) obtained by 
simply substituting 2n, 8n, etc., instead of n in ў, (r). 


(0) By the Method of Fourier Sertes. 
As in (a), 
=- Ze IE E 
V=— — +“ - fas —2pcosd + р") + q 2ucosÜ-Fa +u) 
+ (1—2p008(6-4+2a) +?) 


+ (1—94cos(0-- n —1a) 427] 


when pas <l. 
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oo é oo . 
ar 1 < bG) мө 1 maU cosita) 
‚|2 = g = 


oo " оо ç 
+5 = 000 cosi (8-22) ...-- 5 = 60) cosit +n—le) |, 
Р — Фо —o è 
where 


1,0) .1:3:5..88—1.,4,,1 +l , , L3. , (26:1) (2604-3) 
p' were s т M Tj (HFIEF 


upon 5 | (iH (Bi 3) (245) uides 
2-4-6 (912-2) (WEA (207-6) ^ ; 








0) .. oe (G)* GF Dat (О GED,. GET, 
400) —1+ + зу te ER as 





4- etc., 
2 9 Y 
1:3 1:8:5 
2214 135 34 i4. + 
1 (3) b ( 2.4 ) K (EL ) pe ... У 


1:3:5,.2;—1 Y. ,, 
Т (snm) 2 
and a) =À 
[See for instance Tisserand ‘ Mec. Celeste.’ 1. рр. 270-72]. 


av=- t пене EB) un po, z 1850-1 


FA go 24:0. 30 ` 
1.261 2r 4-1) (9: 4-3 Р А 
(+z , PEE "+ а ан, t... Y [eost0+ соь (0 +a) 


4r... cost(Ó-4-5—12a)]]. 
er (Les Буена 


1:3:5..2[—1 ‚у, 1, 841 a, 13, (204-1) (264-3) 
оаза E. 1 Ы сш irte ймы ЬН 
+S 9-4.0..8 " (T 9 Ja * 8-4 (908) area) " 


+. ‚}сов(40+ 7 : (n—1)r): aa |, putting in azir. 
sins . n 
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If ézn, or 2n or 3n, ete., 
sintr/sin— =0, 
n 
If t=n, 2n, ete., 


se ye OT 
Siniv/sin — = 4-9, 
n 
° 


according as n is odd or even. Hence 

sinir 
=~ -—ntosnÜ, ncoadnd, eto., 

, ат ? | 


810 = = 
n 





сов{10+ 2 (n—1)r] 


whether n is even or odd. 


We find then 


2 a 
—_ Ze? no 1l (23) š 
V = v + ra ü«( 5 ) pic 9:4 KÉ +...] й 





926% 1-8°5..9в—1 ay 1 2»-Fl , 


+ M aua con z 


2 2n+2 


1:3 (2n4-1)(2n--3) , 
tena n FIn 4)" +.. )eosné 


1:3:5..4n—1 agy 1, 4n1 a 


+ блп 8 


Š 4n42^ 


1:3 | (4n-- 1) (4n - 8) * J- ... )eos2n8 -- ...]. 


+ $74 ` Garo (dnd) 


a р з 
е 4 pa (1) ea ( 13 үү 
i w+ ne(g ) et gi +] 
пв" ç 
PPP f, (х)оовпб Ef, ,(r)eos9n0—-...J, 
where 


_1:3-5...2n—1 4,1 Ont] ,,1:3,(P&D(2n43) ,,.— - 
AOS Taom TS apat taa (Оњ) н) + 





= рта" В, He Phy, +... 
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if "n 





V3 (QuFl)2n43), .3, vrais 
Шир”! ntina" 4 ona Pn ‚© 


as found out in (а). Similar values of f, .(7),€,. (7) ote. 


The expression for this potential may be compared with that given 
by Sommerfeld.' This is 


ке qa e 


Thus Sommerfeld has got only the first term which is free from 0. The 
remaining terms involve both + and 0 and cannot be neglected except in 


the exceptional circumstances, except when ( : ) is very small, or v is 


large compared to a, t.e., for distant orbits like 2p or 3d* or 2,, 3, orbits 
in Bohr’s? newer notation. For the treatment of (ms) orbits, such 
approximations are not permissible. This is not allowalye in atoms of 
smaller atomic weight like Lithium where » is small (2 in the case of 
Lithium), or where in the outer ring, there are more than one electron, 
e.g., in the case of the alkaline earths or elements of higher gfoups. 


III 
Equations oF MOTION oF THE VALENCY ELECTRON. 


Suppose the n-electrons distributed at equal distances on the ring are 
all describing the same unperturbed circle of radius a with angular 
velocity o (there being no mutual perturbations between them); and 
also that the valency electron describes a perturbed circle of mean 
radius b with normal angular velocity w, We define 


$=—ot-+ e, 
x—vlt-- +c, 
=0+ç%, 
OP=r=b+p, 


1 í Atombau und Spektrallinien,’ 2nd ed., Zusätze und Erganeungen 10, p. 507, 


* Ibid, Okap., VI. 
* Bohr—loc. cit., p. 20. 
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$zangle which the radius vector to any one of the inner electrons 
makes with a line (OL) fixed in spaoe, 

0=angle between the radiivectores to the outer electron at P and the 
inner electron above referred to. 

x-angle made by OP with the fixed line in space, 

pis small in comparison to a, b. 

с is always a small angle, 


Whence 


=х— (=), 
(0—0) + (dee) Бо, 
=I+o, say. 


Equations of motion are : 


"а а ә *)=-+ e | 


or 
d'p de ty tg = ov 1 
с m| 3n — bo'g cbe —po p» | 
[s 
o [m EF caede =28Y, | 
] J 
Remembering 


ens (Oysa 


дле C f (r)cosnÓ-- f, (r)costnó-- ...] 


we find for a electrically neutral atom, Z=n +1, and 
ov ne* 1 : 
=— 2° ne! = 
785 Dt [( ) ~ Les aes at ] 


ae d 
—2ne" [conf «n "fa (r) + сов, y `r AN OE ...]. 
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Now 


ác == Моко ( $ ) «ese. ( а ) + hs 


afa) =- (n 1)a, ( 4 ) чаа, ( : г 


T 


~ ete. 
Substitnting we find 


r E + 
+ Da Š ) «eme. z ) emt 
++) - ) «ees. ( ° ) Joosta 

=н) ens) 


Y 1:3 E p 2j 
+5-( 12) (+) t] 


- 


-4 


я-а 
опе), 2; ( 1+6 ) 


-a-4 
EHE (1 0 ) +...])eosn0 


ERI 


grei 
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Now 0—I--c ; cosnü—cosnl-4-nosinnl; ete. Substituting in the above 
the values of cosnÓ, cos2n0, ..., we find, if k=ajb :— 


– ЗУ. а-на 2 ) ees I 8) M+...) 


ít 2 [((n--1)o, д" + (n4-3)B, k*** +... совет 
4- ((2n-4-1)a, k" (2n 8) B, „Аа *** +... eos n Te ...] 
pua ( 1 ) #46:5-( L3 ук+ 
—2n{( (n+2)(n+1)a,k"+(n+4) аЗ) B, +... Jen 
$ ( (2n +2, (20+ Lay „^+ (20+4)(20+3)B, ht... Jess 


Е o[((n4- L)a,E* + (n--3)B, k*t? -- ...]einnI 





° 
4 2( (2n 4-1)a, „09 "4 (2n 4-3) B, , R2 "3 +... JoinQnl +... ]. 


- 8 SELO: S omo-9 o È 9, osne) +] 


(r)sin2n(x—ġ) +...] 











= M [f.G)sinn(I+ o) +2, ,(7)sinn(1-- o0) 4- ...]. 


Now 
sinn(1--o) -—sinnl--necosnl, etc. 


Substituting we find as before 


2: 9 V = ы [(a, k" + B, k*** 4+... )sinnl : 
ox 


+2(a, ,k3" FB kanta L ., )sin2nI 4- ...] 
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+? р e" sfila, k* -B,kU** +. sed] 


+23.(a , k* * -- B, , k* **? -- ...)cog2nI +...] 





T (n3), k"t» +.,.Qsinnl 


4-2((2n 4- 1)a, kt" -- (2n 4-3)B, , k3 **5 +... вішні... 
The equations of motion can be written thus 


d*p 


in — 20! Y Ьа! pu"? 


тпм) ноо (een 


+ 2107 г LE Da, К^ аЗ) .JeosnI-- ...] 


2 з 
ван 1) i-es ( 13) 
+ Se 12.48 (1 e-—e5( ES ) ee 


. 
—9n((n--2) (n--1)a, k* + (n - 4) (n -8)B, k"t +... )cosnI+...}] 
2n*e? x 44 
+= x oco Ds. k* - (n -3)B, k*** +... ранї 
4-2((2n--1)o, nkt Е (2n 4-3)8, kente... Jandel] s L 
p ars о +20) 0 dp... mied Ma k" + Bk *9 .)sinsi 
a Dm a x — 
+2(a gh eB, astaq eina e n] 2170 t aaa 
+В” 4p )oosnI 4-2: (а, A3" Bp ght + )eos2nI+..., 


k E = P Ds, k* -E(n4-3)B, k*t -- - - ^ einn 


$2{(Qn+ Day „89 " (2-3), kee )ain9aT4R ss] uus TL 
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Now I=(w'—w)t+(e'—«) 
‚4 "A po oyad 
sgae eq xs (9-9) di 
Equations I, II ean then be written in the form 
d'p o de e, ш" 
di* ai аә dl елеу, 
e. =L [idem of Equation I] 
“hu = oo) [idem of Equation ve 


ate vo р 1 , š 
di: +2— = Mey [ídem of Equation II] .... 


For the sake of homogeneity write bp for p, so that 


r=b(1+p). 
Hence, we have - - 
d*p o “do _ e? E olt An 1 : 
її? s «ә dl (e—e)' Pre—e)9 b(o—o)* [dem] .. 


Ф 
dig o — dp. 1 vs 
an +? d^ wc. mi 


Now put —w'/u-—w zv, so that 








1 Е M 
- 0 Ww Br sm 
Beoause 
Ey ^ av Ue? 
в OV 67 " 
mbo By is 


approximately, -as can be seen from the value of — M found above. 
If (p", о", p, e") stand for. | 

dtp- d'o dp- dc Y 

di^ 4 dí 


л vee 
ar er 
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respectively, the equations I", IT” can be re-written in the form thus 


3 * 
fdv руз = —›'[1—п{3-( 1 ) i 45-( ) въ) 


+n [((n-F 1)a, k* + (n4-8)B, k*** + ' }совв1 
* 


+{(@»-+Е1)в,„*+ (2-8)8, akt" оова >] 
+y*p[2—n{3-4-( i ) ю+6-5-( Bu ) bie] 


—i( (n-4-2)(n-- 1)o, k+ (n4- 4) (n--3)B kn 1 4p Josal 


+( (2n--2) (2в-Е1)а„ „л 4- (2n 4-4) (8-3), Ia "ТЕЕ Jess 


Ho парно (в Lak + (n-3)B, ki ** 4- }ainnI 
E 2((2n 4 1)o, , k* " + (25 -3)B, kt ntt k. Jaina] 
o" ^ yp —n*^ (a, E^ + Bk? + © +)sinnl+2(a, дан +B, kt 
° 
+''')sin9nI+ -- J+ Inyo Го p B, kata + )eosnI 
23 (a, , kt" -- B, ,k* ** 68 )eos2nI- i] 
—n*y*p[ ((n-F 1)a, k" + (n--3)B, k"** 4-  - ува] 
4 S((2n-)a, „Р (2n-- 3)8, nkta рашат] s. 
Equations (3) and (4) can be briefly expressed thus ; 
p^ —2va ^ (©, О, сов @,,,c0s2nI+ * )p 


+(©,,:5innI + ©, ,sin2nI-+ “Ne 


(3) 


(4) 


Е =O, +O, coni +t (2,,,0082nI +++ m (5) 


с" аур + (О, ‚віп О, ,,Sin2nI 4 p 
' +(©,,,coanl + ©, ,,cos2nI +++ +)o E 
=O, sinl t O, азів. oes 


(6) 
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The values of @’s are given below : 


a э” 
1 1:3 
O, o=V[—34n{3-4-( И ) i +6-5-( ) es 


Qi 2n* [(4- 2) (n Lah" + (n 4)(n--3(B, k*** +]; 

Ora = 2nv? [2n 2) 2n 41), LI * 4 (2n4- 4) (2n--3)B, kt * ** bee]; 
Og. 2 —2n* [(n-F l)a, k" + (n--3)B, kt +]; 

Q, Inv ((2n --1)a, ,k* * --(2n-F3)B,  k* **3 4-5] 5 


O, = [8-( : )=+s-( an ук+ ; 

Фа =m [a+ 1a, k" (n4) B 1*9 4]; 

© =m [(9n--2)a, nkt + (2n--38, het]; 
O, a nt^ [n Do k" + (n4 B) B, bn 1] i 

O, 4n? v* [(254- 1ya, kt + (2n+3) 8, kt +]; 
Os =a Et BL e] i 

Osp m — Et а," B, rte]; 

Q, nt [ана]; 

Oa a Antias ht + Bagh Ph J; 


and во ou. Since v, k are fractional we see that among the ©’s, only 
О ,,о, ©s, are larger than others (provided о> 2) by an appreciable 
amount, 


IV 
SOLUTION OF THE EQUATIONS. 
(а) The Complementary Function 
The equations 


oo oo 
р” — дус! р > ©,,, cosrnI--o S O,,,sinrnl=0 
т=0 rail 
[A] 
oo. oc 
c" + 2vp' +p = anm СОВУ 


t= r= 
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are homogeneous linear differential equations with periodic coefficients, 
uud the solutions, us will be seen, are quasi-periodie solutions of the 


type e $(D, where ó(I) із a periodic function having the same period as 
the coefficients in the above equations and the parameter c is the factor 
of quasi-periodicity. The crux of the problem centres round a complete 
determination of this important parameter. Equations of this nature 
with one dependent variable have been discussed by Hill, Youug,* Ince,” 
Baker* and Whittaker; and were first used by Hill in his classical 
studies on the perturbations of the moon. The present equation is, 
however, of a more general type as it involves two dependent variables 
instead of one as in Hill’s equation; a modification of their methods 
first introduced by Goldsbrough® will be employed here for an integral 
of these equations, as Hill’s general analysis involves an evaluation of 
infinite determinant in c, which is unmanagable. 


Suppose 
pese ГА, 
ge "X, è 
where A nnd X are purely periodic fnnetions of period 27. On substi- 
iuting in equations (A) we find, since ° 
di (е! А) = ^1 A" 2e Аоте" А, 2 
I 
ЕМ (x) azo Хорам ров x, 


ATA) se Al + д, 
d X)= 67 X'+ a X, 


Y t Acta Mathematica, Vol, VIII; Whittaker’s ‘ Modern Analysis.’ 

2 t Proc, Edin, Math, Боо. XXXII, p. 81. 

3 ! M. N. R, A. 82, LXXV. 5, р. 480. 

* ! Phil, Trans. Ae, Vol. 216, p. 129. 

5 * Proc, Inter, Congress, Math, Vol. I, 1012; ‘ Proc, Edin, Math. Soc, XXXII, 
р. 76; ‘Modern Analysis.’ 

° t Phil Trans, - Vol, 222, 1922, 
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oo 
c? А 4- 20А' - A" —2v(cX --XP)-FÀ S (О), „совт 
r0 . 


55 3 
+X Š ©,,-sinrnI=0 
rl 


m ° . , ©. [B] 
со 
c* X -F20X' + X"-F2v(cÀ-- A) ФА S O, sinn] 
1 


r= 


oc 
TX = ©., cog>mI=0 
T= 
As a general case of Whittaker’s solution (Proc. Edin. Math. Soc , 
loc. cit. p. 77) of Mathew's differential equation in periodic functions 
let us assume series in ©’s and multiples of ©’s having coefficients with 
period 2r, i.e. 


Let A=A,sin(AnI—-7)+554,,,0,,, 


TEEÉEZB,2 O, Ohr ANA [8:1] 
K=X ,coAnI—7) +5ESX,,,O,,, 
TEEEÓEY* os Q, Opet ... [K-2] 


Here AS, X, are arbitrary constants, А is an arbitrary nteger nnd + a 
parameter which will be defined presently. As usual let 


с=с, „©, eee Ors Ou. t сс, 


where the coefficients of ©'s and multiples of ©’s nre functions of тъ, А 
and r, ` 


Substitute these values of А, X and c in equations [B]. Thus 
(:5Se,.09, + )pPASsinQal-7)4SsA.,0,. 7] 
+2{S35c,,,0,,.+ 7 }{Aonrcos(AnI—r) tE SA, n Q9, 0] 
+{—A,A*n*ain(Anl—1)+S3A",,,0,,,4+°°°} 
550,0, + НХ con т) + S5X,,,0-.+ °°} 
+{—Х„Алаїй(Аз1—т)+ ЖЖ Х',,,©,„,,+°°}] 


Ы oo 
+{A sin(ànl =r) EBA, p Ornette} 2 Orn совт] 
r= 


: oo 
-+ {X csn =r) + BBX, O, i] 2 Os rsinml=0 ve [C] 
pt e 


* 
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and T 
(226,0, PIX css) SEX, 0,51] 
42[8 26,0, „+: Н Xodnsin Anl =r) SEX, 0..7} 
кюе ыы чеш s Re] 
+®[{®Эс,„©›„+ Hd inal) + BBA 0 v 
+ (Ag Ancos(AnT—7) 228 A',,,0 +H 


- oo 
4ÍA,in(AnI—r)-HESA, Qi] түм 
T= 


oo 
+{X,cos(AnI—7)+ EEX, Ort) a 5, бов??И =0 [D] 
r= 


First equate to zero those terms not involving any ©. Since in the 
above series we have not included (2,,, which is large compared with 
the others, we shall get ©, o on equating, in the ©-independent terms. 


Thus ° 
{(© 4,9 —A*2*)A, 42vAnX o Isin(Anl—+)=0 
{2QvnA, + (0—A*n3)X, Jeos(AnI—7) =0. ° 


Now A,, X, being assumed not equal to zero, on eliminating A,, X, 
we geb (2,,,77À*n?* —4v*, In general the given value of ©,, will not 
satisfy this equation for any integral value of A. Suppose a,,, isa 
quantity which satisfies a, ,, —À'*n* —4v*, for some integral value of A, 
where a, „у, of course, slightly differs from (|. 


Now assume 
Q,,,70,,,FZ Z0, 0, +2555, OOo. [E] 
To determine all the unknown coefficients we should impose two 
conditions. 


(£) The series for A does not contain the term cos(AnI—r) : in fact 
in this really constitutes the definition of the parameter rand the 
possibility of obtaining ‘series which remains convergent for all real 
values of т depends upon our choosing т in this way. 

(її) The solutions for A and X must be purely periodic with period 
Әт (5.e., no part of the exponent shall appear in the periodic series). 


Further, these conditions will determine uniquely the undetermined 
coefficients in the series for c and ©, ,,. 
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On substituting the assumed series for A, X, c and @,,, in equation 
[B] and equating to zero the terms involving ©,,,, as from equations 
[C] and [D] we find 


20, ,, An A cos(AnI—7) -- A*,,, —2vo, r X cos(AnI—7) —2rX’,,, 
+0, À... +a, ›„Аввїп(Ав1—т) +A,cosrnIsin(anlI—r)=0... [0:1] 


—2c, ,, aX ,Bin(AnI —7) + X", ,, -F2vc, ,, Agsin(AnI— v) -- 2A", ,, —0 


т [D:1] 
cosrnIsin(AnI—7) —$[sin[n(r- MI —7]  sin[n(A—7)1—7]] 
When r=A or 2А, it is clear that 
c =0, uU. 
Equations [C:1], [D:1] reduce to 
Ан, 907, +a, Á A... +YA [sin(n(A 4-7)1—7] 
° 3 Tsin[s(A—7)I—17]]-:0, 
X” p FA’, | | =0, 
Putting ` | 
A, =psin{(A+7)nI—r} -gsin((& —7)nI—17], 
X, ,, =p'cos{ (À -r)nI—7] -- g'cos((AV—r)nI—7], 
where (р, q, р", g) are constants and solving as usual we find 
_А PS т} A sin{(A—r)nI—7} 
= 2rn(2An+rn) oe ! 
— AQveos((A-r)nl—T] _А diesen 
X, Ant) (лт) - mnm) т)" 
In the special саве, when r=A, we have б, 
AN, —®%'у, +90 Ay a +44 ,[sin(@nl—r)—sinr] =0 
D^ дыш OV ERY 


Ry FAIA C aene = 


128 К. ВАВ 
А20 4, ,=0 


-_, Agsin(2AnI—r) , А џвішт, 
um 6A*n* + ауы ' 


K. = А arcos‘ 2AnT— 7) 
LA б\н» 


When 7 = 2А, equations [С : 1], [D-1] can be written in the form: 


201 ga MÀ s cos(AnI—7) + A^ А дусу әл Xocos(AnI—7) 


— 2X") T +a Ау, on FG) эх А sin(AnI—r) +44, [sin(3AnI—r) 


= sin(\aI—+)cos2r—coa(hnl —r) sir] =0 « [0:2] 


— ву, ох МХ sin(An1—r) +X”, dx 


— Zver, әл Aosin(Anl—r) + дА! зд m0 o .. ID:2] 


To obtain а, gA We collect the sin(AnI—r) terms, thus 
А? a, 7 EX on +a Ау, A 


+А„вй(Ая1—т)[ау g, оов] =0 [F-2) 
Xp on +%А/'| ал =0 
whence we geb  .—  . . 7 с 
1, Зл ==4совдт, 
taking solution’ for ue Ee Mes ee 
I Ay an Ху aa 
of the form 
< psin(AnIl—r), gcos(Ani—r) 


respectively and.remembering 
s 


4,9 =A ni —- dy, prout 
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То obtain буру) since A must not contain cos(AvI—r) term (X may 
contain), we get from the equations 

(2e, 9, AnAg— 2vo, s, Xo —iA,sin2r)cos(AnI—7) —2yX^, „, "| 


[F3] 
(2er, әх MX, +0 an Ao sinn —r) E X^ "n ==0 
ET 
ё 754 Xn ' 
remembering 7 


ÀnX, =IvA, and a,,, —AÀ*n* — 46. 


Substituting this value of Cy 9X in either of the equations [F'3] 


we find 


x _ —vÀ Vsin2rsin(AnI —7) 
PONE ^ 2X5? š 





To obtain solutions of Ay mo Xian in sin(3AnI—7), cos(3AnI—r) 
terms write ; 
A”, ы =X’, on Hay Ар э, +E Aosin(Bknl—r)=0 | 


I ; LE: 4] 
X 1, 2A +-2vA 1, 2a =0 


Assume 


Ay on =psin(3AnI—r), 
X, ga =9o08(Bkal—r). 7 


Substituting in [F-4] and solving in p and qwe find 


24 Xt? 7 


i.e., the particular solutions arising from the term ТА ,sin(3AnI ~ т) are 


1. A... Е 
Ay an = yap a8in(BAnI—~r), 


T Дш сов(дАн1—т), BR d 
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or, the complete solution for X, 9, i ` | 


-1- vA l vå бох 
LRL x55, Sin2rsin(Xn1—r) + Pi 9 cos(3ÀnI — 7). 


Proceeding in the same mechanical procesg we can find out the other 
coefficients of ©’s in the series for А, X, and the undetermined 


constants in the series for c and О, We write down the complete 
results thus. 


Terms involving argument ©, 


A. —Acsin{na+rI—r} — 
tyr = M 


Asgin[n(A—7r)I—7] | 
А 


ЕТЮ 


A,veos{n(A-+r)I—r} — A mE 
Á Xain mnt rm) + rn) rn(Xn—rn)(20n —rn) - 





Terms involving argument ©, л: 


| cy 7:0, ал20. U 
A ,sin(2AnI—r) , A,sinr . 
Aj 6115? TO: $5. — 
x 2 A,vcos(2AnI—r) 
пат EM 
Terme involving argument ©, 2A pc Е 
4 № Я тне 


E = Bh ain(BAnI—r) ; 
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Terms tnvolving argument Osr: 


Cy ,=0, dy „0. 


__X,sin{n(A+r)l—r} +Х‹ sin[n(A—7)I—1] , 


вн 2га) 2xn(2An —1n) 





x. = Хосов{җ(А+т)1—т} + X vcos{n(à—r)I—r} 
2r (And rn)(2An--rn) m(An—rn)(2An—rn) ` 





Terms involving argument Og, : 


09 4770, a, 0. 


X — X,veos( 2AnI —т) 
247 буз —' 


Terms involeéug argument (24 әу t 





.. vsin2r — —vcos2+ | 
° 02,24 =~ oyna? батя 
А _1 X ogin(3An1—) , 
2, 24 77 —16 Лад" 
x . X ,rsingrsin(AnI—7) „2 vX ocos(3AnI—r) | 
2, ФА 7 Dans 94 Lens 








- л 


Terms involving argument Og, : 


C4 ,—0, dy 70. 


A. Асва тт) РА ова (Ар = 
ат "Үл Хо тт) (Хатт) rn(Àn —rn)(2An—rn) ' 


— Aofa o — (An-+rn)* }ooa{n(A+-r)1—7} AP mE 
2rn(An trn)’ (2An тт) . ME 5 





p Molt o (А77) * }сов{п (А—т)ї—т}, 
. )r (An —n)* (Zàn—r7n) 
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Terms involving argument Q,,: ` 
y 





64,470, d a, =0. 
PEN Sid ital cy, Е 
dc cce ° 
x Àla, — ays n? )eos(2AnI—7). 
mma о ша 


[here in addition cosr=0, in order to avoid the existence of I occurring 
explicitly in А...) I E. 


Terms involving argument © оу : 
, 


.. —vsin2r с усов®т 
64 a, = Dine ! 84 оу 77 ln 


As. mol Aovain(3anI—r) , 
4,24 7 Од A353 





=i А ,cos2reos(AnI — 7) .. AgsinZr(a, o +2) 
4, 2h Ans : 2A3n* 


a A (v* --2A?n3) 


+ë A*n* 


eos( JÀnI — т). 


Terms involving argument Ox ,: 
› + 


б 20, a, , 0. 


X,vin[n(A--r)I—7] _ X vsinín(X—r)I—r] 


As = rn(And-9n)(Z3n4-vn) — rn(An т) (2A — rn) 


X, —Xo{41,0— (Хон)? ]cos[n( --7)1—7] 


P Srn(Xn-E rn)* (2n 4-72) 


XE | `x old, —(An—rn)* оов аА 91-е) 
RT = (An —rn)* (2№ —m) 
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Terms involving argument Og A! 


гие A._X,vsin(2AnI—r) - 
BATS Ту PU 


X. = Xot o Atn Jeos(2AnI—r) _ 
BAT 94X*n* 


[here : in addition cosr=0, in order to avoid the existence of I occurring 
explicitly in А, al i 


Terms involving argument Og әл : 


.. —vsin2r_. ` — —дуёсовдт 
95, 2A 7 uiu. ^C а, СУ 3 
A = Хоувіш(8Аа1—т) , А 
5, 2a T- 241555 ©те Ше; йр ёш... 


X (n3 4y3)eos( SAT) . m X, cos2reos(AnI—7) 
5, 2a T 361*n* — Олан? 





+% o(A*n*—y* )singrsin I7). 
qc Mam eee 


Terms involving products powers of ©'s follow in a similar fashion. 


If we summarise the parts specially required we find 


O17 Ont — 4r) tay 9, Oy, sx Fag, sx ©» gx FG, әл O4, on 


T5 әл Os, gy Hoo 


=O") deir, 2A NM $47 
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&nd 


. 


e=) ga O, on F % gx Ов, gx + ба, ga Oa, on 05$ Os, gx f... 


sin2r .. увішдт увїпдт 
An 


ls vsin2r 
i Oi йу Os, 2 T Frage O4, m T хаст Os вл [K] 


where, as already stated 
q, „о EAn? —4y* and cosr==0. 


It is necessary to examine the expressions just obtained in order to 
see whether the complete integral of the equations [B] has been 
obtained. 


The integer À is determined so as most nearly to satisfy the relation 
Qo Ати — At, 


wherein everything excepting À is known. 
The negative value of À will also satisfy the above zum 


Since cosr—O always, altogether there are four distinct values of + 


obtainable viz, +3, + ST Each of these will give a distinct value 


-9' — 2 
. 

of c on substituting in [K] and different values for А and X. Bat 
fortunately, for our case c is always zero. Hence altogether we get 
four distinct solutions for A and X and these when multiplied by 
arbitrary constants will give the complete primitive of equations [B]. 
Such solutions as itis clear, will not contain the exponential factor. 

Hence the solutions for p and o are periodic functions and not 
pseudo-periodie as contemplated а priori. 


(0) ‘The Particular Integral. 


We have now to determine the particular integral of equations - [5] 
and [6] of Section III. We shall assume only one general term on the 
right-hand side and take the complete integral as the sum of a series of 
the corresponding solutions. The equations may therefore be written 


. [B] 


oo ос 
p" —2vo' + p E urea = литво | 
e C l lo 7 0. DU 


А4 s = Ou sian pe S, ©) ,,,cosrnl =0 


rz] 
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Assume . ^ . e f ; Í ИЫ deg 
inl ,-- 
pce А . e. 5.4 
gor 


where A and X are as before functions of I. 
Substituting these valnes of p and c in [B'] we find 


C(A" + 2umn A! — mn? A) —2y( X' - wn X) +A > о 1,: C08rn T 
T 


КОЕ 
MX Z О.ш, 


f 


я oo 
CX" --Zunn X' —m*n* X) --2v( A' -FunnÀ)-- À S Q,, sinrnl 
gal - 


оо 
+X 5 ©,,,cosml=0 


тш] _ 
Put : 
AgcA.EAÀQOQSOEESSB. un Qu Oct ккк, 


х-Х,+5Х,.0..+55Ү,,,,,,, Q, O, + Mi E 
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[B1] 


[В':2] 


in which (2,,, is wanting. A,, X, are constants, other coefficients of 
©’s are functions of I. Substitute these values of А and X in equations 
[B’:1} and [B':2] and equate to zero the terms "d no © except 


© ле. We have then 


one 


—mintA,—2nmnX, +A, O10=4O sm 

—n*n*X, + итп, Ts =0 } 
whenoe p 2 ` 
Ag =4O sme (Oz,9—mn* + 42) 

- Хожи зто p тте? +49). 

Канон [B 1], (B':2] can be fully written thus 
(BAL ©, „+ on) FRNA Oeste) 
mn (А BA, p Orate) 


[В'-8] 


136 K. BASU 


-w (EX, pOr p +e) +m FEX, Qu ) 


oo 
+(А,+5А,.0,,, + ++) BO conl 


oo 
КОХ, LO, н) 20м, pn e [01] 


° 
(SROs +.) дт, Ory +...) 
-m'n (X. +SX,,, O, + di AAW SA, Ort AN 3) 


tmn A tA, p Or +: V)RROS EA, „О. +). 
oo oo 
ZO, sinl +(X AEX, QO... 7) 20, eosmI=0 [D/-1] 


Equate the coefficients of ©,,, to zero :— ` - 
A" + 2umnA',,, —m?n1 À,,, —2yX',,, —QumnX, ,, 
+А,,, ©, + AscosrnI =p .. [02] 


X” bean Spm at X, ОРА, bQemnd,,.=0 .. [D^2] 

In the equations [C'-2], [D'-2] first put в" then 3208 for совт. 
Finally, the complete solutions of them will be obtained by adding up 
and halving the resulta thus found out. 


- On solving we get 


"n 


A... =1+A e : 3 [mn t 7)* О —4v*] 


РЯ 


mirni 


+4408 + [(ma-—n)* — ©, 9 —4*] 
Xi, E T bx t [G(nn rn) (maton)? — © ,,,—4*3] 


+ icm T [nn—rm)f(mn-—r)*—0,,—4)]. 


Now A, involves (2,,,, therefore À,,, (2,,,, X,,, ®©, each includes 
Os mO, ав а factor, Hence these terms are negligible in comparison 
to A, and X,. | 


E 
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Hence р=е Ao, 


imni 
ome X, 


—imnl = тї 
imm. А X 


where A,, X, are given above. Now put pe 
and we geb the same values for À, and X,. 


o, Tare 9 


I I 
Next put 2 Ox , 
in the right-hand member of the second equation in [ B'], and zero in the 
right-hand member of the first equation in [B']. We get the equations 


oo со h 
p'—2vo!--p & | Q,,,eosrnl-F o S @ ,,,sinml=0 
т:=0 rl 
[B"] 
99 i o 1 mnl 
c" -- vp! -+p = Q. ,8inenI-J-c Z cn ©, «e. 


r= r= 
Proceeding in the way mapped ont as ante, we find 
A, —vymnQ, m imn (O omin? --4y?)], 
X, =š Qe (O1, тёп?) mn [O „отат? +4]. 


As before all other terms in A, X are negligible, so we need not 
calculate them, For the complete solution we should calculate the 
corresponding terms for 


which are easily obtained from those involving 


1 umni 


> 


Thus 
A, —vwmnQ, mtm (O, p mint 462 )], 


d 


Д9, (Фати) [ntn (9 - mtt pt) 
t 


Xo=— 
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Hence 


oo 
p= > [m»&Q,,.—2vO,,.JoosmnI тн, — m*n* + 4v*], 


m=0 


oo • 
s= z L—MOan tne „(© ro mn? ) ]sinmnl 


m= 


-mn[ ©, om mint + 4]. 


v 
SUMMARY AND'CONCLUBION. 


The resulta of the above analysis may be thus briefly summarised :— 
The perturbed orbit may be represented by 


yzb(l-4p) Р е 
Bzz (ul 0) Бао 
where b-radius of the unperturbed circular orbit, 


. angular velocity of rotation of the outer electron, 
Q—. eese er TODOP ouo 
a=any arbitary epoch, 


p and o are elements of perturbation. Tho above analysis shows that 
they are both periodic fnnetions of (w’—w)t Тһе method adopted is 
that due to Goldsbrough who introduced æ modification of the 
procedure in the theory of lunar perturbations first initiated by Hill 
and developed his results on the lines mapped out by Whittaker, Young 
and others. 


In atomic problems, the interest does not lie in calculating the exact 
position of the satellite at different times as in the case of lunar motion. 
The problem is to quantize the orbits and to find ont if from such 
quantized orbits, the energy can be calculated as a function of n and k, the 
total quantum number and the azimuthal quantum number respectively; 
and then to verify this energy with the spectral terms mp, md eto. 


% 
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Hitherto, the quantization has been confined to very simple orbits— 
such as circular orbits by Bohr and elliptic orbits by Sommerfeld. 
Epstein! discussed the case of orbits subjected to the perturbations due 
to a uniform field aud gave an explanation of the Stark effeot; but 
Nicholson’ finds that the method is not mathematically sound. 


Hicks? has recently faised an important objection to Sommerfeld's 
principle that in all mp and md orbits, ўрода  =2 and 3h respectively. 


The above discussion shows that the handling of the general 
problem is much difficult than can be imagined. I have not yet 
succeeded in quantizing perturbed orbits, and therefore cannot say how 
far these investigations will support Sommerfeld’s general theorem. 
This is in the course of my investigation. 


A glance at the values of the several constants A,,,, X,,,..., shows 
that the perturbed motion constitutes an ensemble of discrete harmonic 
oscillations having different frequencies, So far as the radial perturbed 
element p is concerned, it is easy to see, we must have a range of 
vibrations within the maximum and minimum. Under such circumstan- 
ces, at any rate, we must expect that the perturbed system will not 
possess any sharply separated stationary states. The compound motion 
has rigorously a two-fold periodic character,— one, round the kernel in & 
closed periodie orbit for the unperturbed system ze. neglecting the 
zusatzfeld, two, librations—both radial and azimuthal — of the electron 
about the position it would have occupied at any instant for the un- 
perturbed system, due to the quota of perturbing forces subjected to it 
by the :usat:feld calculated in Sec, 11. 


So eorresponding to & single stationary state in the unperturbed 
system there exists a multiple of slowly varied stationary states in the 
perturbed system, possessing a pronounced cycle ; of course, the resultant 
frequency of the group of perturbation oscillations must be vanishingly 
small as compared with the time of revolution of the electron in the 
undisturbed state. But whether or not the motion is what is technically 
called conditionally periodic is difficult to judge a priori. 

Bohr has laid downt that for a transition between two of the states 
corresponding to the perturbed system a radiation is emitted “ whose 
frequency stands in the same relationship to the periodic course of the 
variations in the orbit, as the spectrum of a simple periodic syatem does 


1 Sommerfeld, ' Atombau und Spektrallinien’, Third ed., pp. 939.61. 
* ‘Phil. Мад, July, 1922. 

з ° Phil, Mag.', Aug., 1922. 

* Theory of spectra and Atomio constitution, p. 89, 


* 
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to its motion in the stationary states.” Any more, quantization is possible 
by exhibiting a new phase of the adiabatic hypothesis first propounded 
by Ehrenfest!, or what is strictly called the principle of “mechanical 
transformability” of stationary states. In that case, however, there is 
an a priori probability of getting an almost identical series formula as 
obtained by Sommerfeld. Nevertheless, it is undesirable at this stage 
to try to incorporate an analysis and posit a principle having a feature 
somewhat foreign to what has been set forth hereto. This is deferred 
to a future occasion. 


.& — ' Proc. Acad. Amsterdam, XVI, p. 591 (1914), Phy. Zeitschr. XV. p. 657 (1014). 
Ann. d, Phys. LI, p. 827 (1916), Phil. Mag. XXXIII, p. 600 (1917). 
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ALGEBRA OF POLYNOMINALS 


By 


Narpenpranata ’ GHOSH 
Chapter II 
Hapanstois 


12. The problem of expanding a given explicit function of а 
polynomial or a number of polynomials (and their derivatives) admits of 
an elegant treatment by means of the theorems established in the 
preceding chapter. The expansions obtained are of highly general 
character and cases may occur where these expansions fail to be consis- 
tent when* numerical values are substituted for the variables involved. 
We shall not attempt to enquire into the validity of such expansions, 
but on the other hand, assume those conditions to be existing under 
which the expansions are arithmetically intelligible, 

18. Let then $(u,) in Art 4, be expanded in a series of ascending 
powers of ¢ of the form 


АА, dA et tA Rs, 
then since 
d met Ж ` 
Деб) A vd), 2 7 ` 
we must have M87 55 Rona AE 


3 (A FA аА а) А, (As A HH t); 


or А, + ЗА, ФЗА, з ЛА ДА,АЛ „дА вк; 


142 NRIPENDRANATH GHOSH 


whence comparing coefficients, 
À= ДА,А, 
2А„= Д„„А,, 


8А,:Д\„„А,, e 


(т+Е1)А,,,:=Д„„А,, 


or when reduced 








Xl. 
A... = БЕТ Ag} 
where A, is evidently equal to ф(а,). 


Thus by successive application of the operator A «o we have a means 
- of calculating all the coefficients in the expansion of A(t,). 


14. It сап be inferred from the following typical calculations that 
any coefficient A, (in above) is a linear homogeneous funotion of 


$ (a5), d" (a,, cou (a9) only. the coefficient of any derivative 


4 (ag) in A, being a rational and integral function of degree # and 
weight + (rr) involving a,, as, аза, only of the coefficients of и. 
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. 


. We have ee. сш уж OR me 


A, 2,9 (a,), = x Е : . a ^ 


2А, =a] p" (as) 2a, d/(a,), 
° 
[3 A, a1" (ao) 62, d" (a5) T 62,9 (ao), 


А, —atd/' * (ao) 3-192212, 4" (2,) (1202 242,0.) d (as) ^ 7 


+ 24a , d (as), 


m 


5 А, =аф"(а ) +20а%а,%' (a5) -- (60212, 4.602,23) 9" (a5) 


+ (120a, a, 4- 1902,24) d (a,) 4- 120a, 4/(a, ): 


The coefficients A’s in the expansion of @(u,) are connected by. 
means of the operator A.o. This is, however, not the only connection 
existing among those coefficients. ‘There are others and we proceed to 
find them. 

15. Differential relations among the coefficients in the expansion of 


plua) :— AE 


We have 





9 4299.02... Өф... =, Ө 
т ja, C Tõu, да, ди, diis ja, "^ 


+ 


and this holds true for all values o, ,, 9 sn of z. > 


Since ф(и,) is expanded in the form ` 


A +A tA, t +A, 
we must have by the above identity 


oP AHA t'i =r a (А Ae A iternm)! 
Li о f 
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whence comparing coefficients D$ 

OA, OA, _ 0A, L. 8A,-, o 
Oa, Oa, да, да, i 
ðA, = OA, ° 
Oa, Oa,’ 

А, di — дА, 

да, да, ' 

ӘА,,, = 9A, 

Oa, да, : 


and во on; where r may have any of the values o, 1, з, 31°‘ "n, 


16. These differential relatiens simplify the process of operation by 
А «o upon the coefficients A’s. Let us take from Art 13, the equation 


(ADA, =Aaod, : 


4.6. ° 








(DA (а, 0. +20, È +80, 8 LL... +na, 2 Js 














да, 8a, 8a. * 
= ба наь EE 
oc Dass 9а, (if r<n) 
3 ва. 42a, pue ba: 94... 
bethany ee ; (by Arb 15) 


= 2. (a,A,+2a,A,_, +30,A,-,+ t (n0E1)8,44 4). 
о 


Tke above also holds good if r= ог >n. 


17. - By means of the identity in Art 6, we get further relations 
among the coefficients A’s. 
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Since 





£^ du) = ( Aas tna,- Velea), 


we must have 
° 


ez VA AS EU Д, (А ФА ФА +) 


ð 
Oa, 


+ nae 





(Ag tA tA 2+), 
ог £* (A, -F2À e +ЗА, 24) = Д, (А tA et Aye +7) 


+na,e"*} S (Ao tA tA, 2 4°): (by Art 15) 
0 


Whence comparing coefficients 








AasA,=0, 
Д.А, 0, ° A.A... Hna gee =nA,, 
o 

A. A,.=A,, 
A. A,.=2A,., AA... +98, дА, =п(%-+Е1)А,„,,, 
see aoe | A A... 00, 84, z(n4-2)A,4,, 

Oa, 
Aaghsa=(n—DA,_,, J 


and so on, 


These relations may be regarded as reciprocal to those in Art 13. 
18. Allied expansions :— 


"There are other'allied forms in which $(u,) may be expanded. The 
calculation of the coefficients in these expansions may be made to 
depend on the fundamental one in Art 18. The forma of these allied 
expansions are given below :— 


(1) (ay tar) +A, A+A HA zt. 
(2) platar ta) -F A" 2? HA" et b n n 
(8) d(a,-Fa,z-F a,2* tags) HA” H 


and so оп, 
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Let us find A’, in the first of these allied forms. We observe that 
A’, must be a part of A,. To specify that part we ‘notice that A’, 
vanishes when E 3 


a; =a cm, 25i ma, =0; 


so that A’, is the residue of A, left d HIVE that pu which ig idt 
equal to zero when 


a, =Q, =a,=: =a, =0. 


Similar remark applies to other allied forms. 
19. Expansion of а function involving a number of polynomials :— 
Let ó(u,,u,,u, ^), in Art 7, be expanded in the form 
(A), (А), (А) ,2* А04) +: 


then since 


а (шлу, d DmCAsot Asst Ach г en testi SR 5) 


we must have 


DA) Ge СА) OD m 4 


` =(Kaot Avot Aco’ GC + (A) e+ (A)? 9 (A),2? F: Sl, 
or (A), (A), :3(A) i 4 | j 
— sb Ass A AA HAHA) h 


Representing the compound operator A, RA, TA, L l `` by (A), and 
comparing the coefficients of like powers of z we have 


(A) =(A)o(A)o 
2(A),=(A), (А),, v 
З(А), CA, (A),; 


oon oon s t 
n 


CHIA), a CA) (А), ; 
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or when reduced 


(А), =(A) (Ado: 


(A) 








(A= ^g ? (A), 
(A= TE 


(A), = Cu (А),, 





where (A), is evidently equal о $(a,,b,,0,,: : :). 


Thus by successive application of the operator (A), we havea 
means of calculating all the coefficients in the expansion of $(t, t, t, .... 

20. i dus relations | among the coefficients in the expansion of 
(u, uo) — 

We have 


DEL 
a, ü 


r Olua t! ‘) r 8 


дч, 8a, T (tm 





and this holds true for all values o, ,, з, „с of т. Similarly 


$x Platis tu, * j= "S, CAE jy 


which holds true for all values o, ,, 4, 47 ttm of g; 


6 


Bo renis Free go tete) 


which holds brue for all values ,, ,, góc Lofp; and so on. 
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Referring to Art 15, the differential relations &ámong the coefficients 
(A), may be obtained with regard to each of the variables a’s, b’s, с/в: · 
from the identities above. 

By means of these differential relations (r+1)(A),., may be 
expressed in the form 


Ө (e 0) 22, (4), 32,8) 00а, a (AN) 
"E & 0.0), +2b, (A)... 95, (A) c, E Rn 1)5 a (A4) 


+ 8. [e (А), +20, (А), _, +80,(А), +: (100,4, (А), } 


des 


21. When the relative magnitudes of l,m,n::: are given it is 
. possible to obtain, by means of art 8, further relations among the 
coefficients (A)’s by proceeding exactly in the same way as in Art 17. 


There igla set of allied forms in which bth g thy tue) may be 
expanded. The coefficients in each of these allied expansions may be 
deduced from those in the fundamental опе. ° 

22, Expansion of & function involving a polynomial and its 


derivatives :— 
Let 
UNUS 
in Arb 9, be expanded in the form 
A+A eti to, 


D 


then since 


P ышын 7) = A йшй ий tl), 
we must have 
$ (AtA аА, +44...) 


=A..(A,+A,2+A,2°+...), 
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or А, +24,24+3A,2°+... 
= Л.Д, ФА. Д, +A Á, +... 
whence comparing coefficients, 
A,=A.K,, 
2А, = Д.А, 
ЗА, =л.,А,, 
and во on, where À, is evidently equal to 
$(2,,,,[2a, Bas, ra, ). 
The coefficients A’s are connected only by A.s. It has not yet 
been possible to find other connections existing among them. 
23. Expansion of a transformed polynomial :— 


Lot u.(Yt), the transformed polynomial of u.(z), in art 11, be 


expanded in a series of ascending powers of ¢ of the form 
. 


ag a, éd a, 77, 
then sincee 


1 d B 
VQ) qi 00) = A {ч QU], 


we must have 


lod 


V) FAG +а, а, +7) 


— A „(ш ана, tt), 
zi a, 2a, Da, 4e 
0 =Y (t) Aola bas bra P t) 
= Л, 0000) {9 tatta t +). 


y(t) being known from the given transformation e=y(¢) (it is usual to 
restrict Y(t) to rational integral functions alone) we can express the 
right-hand side of the above identity in a series of ascending powers of 
t. Now comparing coefficients of like powers of ¢ the coefficients a's 
may be obtained. a, is evidently equal to w,(U0). ` 


- 
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If y(t) be a rational and integral function of kth degree in ё, the 
transformation is one of the Ath order. If, moreover, y(0)=0, the 
transformation is called a simple transformation of the kth order. 

A function of the transformed polynomial may similarly be expanded. 

24. Polynomials of degree infinite :— 


When the degree » of the polynomial u,*increases without limit it 
becomes tho polynomial v, of degree infinite. For finite numérical 
values of the variables such a polynomial may have an infinite valüe 
and the polynomial is said to be divergent (for those values of the 
variables). Otherwise the polynomial is said to be convergent. 


We may extend (with necessary changes) the theorems of the last 
ehapter and those of the present one to include polynomials of degree 
infinite provided initially they aro convergent, 
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ON THE MOTION OF A VISOOUS LIQUID BETWEEN TWO 
NON-CONCENTRIC OIROULAR CYLINDERS. 


By 
Ѕоворн CHANDRA MITRA, 


Dacca University. 


INTRODUCTION. 


1. Asfarasiknow,the problem of translation of two non-concentric 
infinite cireular cylinders in a viscous liquid has not been investigated 
by any writer, though a solution of the analogous problem of rotation 
of two circular cylinders in a viscous liquid has been given in a recent 
issue ? of the Proceedings of the Royal Society, by Dr, G. B. Jeffery. 


In the present paper, I have discussed the problem of translation of 
two parallel infinite circular cylinders in a viscous liquid. ,The solution 
is different in form according as one cylinder does or does not enclose 
the other.» In the former case the problem can be solved in finite terms 
and we shall get the current function of the “initial motion”; while 
in the latter case the problem is in general insoluble, that is to say, 
except in special circumstances, "there is no steady motion which 
satisfies all the necessary conditions.” = 


THE CURRENT-FUNCTION, 


2 Let 
ач dye tan 3 (ё++й]) 
Then 


' gin É jz с Binhy 
coshy+ cosg ' coshy-Fcosf ' 


ORO) 
AV de ш йу 


—c7*(coshg-- cosg)". 


1 The Rotation of two Circular Cilenders in а Viscous Flind, Proc, Roy. Boo, Vol. 
А. 101, No. A, 709, (1922). p. 169. 
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and 
r3? =c*(coshy—cosé)/(coshy + cos£) 
The eurrent-fnnetion satisfies the equation 
Уу *=0 
To find а solution, let us write 
WoH, singt H, sin£/(coshz--cos£) 
ату tyassin Ë (H,'' —H,)(coshy+cosg)* +H, ' ' (coshy-+cosé) 


—2H,* sinhy} 


. : | . 
Opersting on сүр by 8? which РИ for Bt a! : 
oe <n ӨӨ Ən 


c938* V 3y.—sin£((H,' * — H, '')(coshy+cosé)?+4(H,'''—H,')sinhyx 
(coshy-+cosé) +(H,' '—H,)(2 cosh 25-2 cosh y cos £— (cosh -+ cos£)* 
—6 (coshy+cosé) cosd-+2:1—costé)) B, '  Ccoshz + cos£) —4H,' ' cost 
—AH, **coshy} 


e 


Equating to zero the coefficients of the several powers of cos £, we 
obtain the following equations 


H,''—10H,"'-9H,—0 2 (0) 
2(H,'*—H,'')eoshy-FA(H, 5 —H,") sinhy—6(H,''—H,) cosh y 
+H, 4н, =0 . @) 
(H,''—H,'') cosh*n+4(H,'''—H,') sinh y cosh 7 
+38(H,''—H,) cosh*y-+H,‘" cosh q—4H,'* cosh »=0 А (3) 


The third equation is not independent but follows directly from the 
first two. 


Solving we get 
H,=(A cosh 3y+B sinh 39 + C cosh y+D sinh 7) 
=(—+ A cosh 45—4 B sinh 4%+Ë cosh 22+ F sinh 29--G3-- H) 


Cad 


NON-CONOENTRIC CIRCULAR CYLINDERS 158 
1 
Therefore the stream-funetion can be written in the form 


V (À cosh 3n+ Ë sinh 35 4- © cosh -+D sinh 5) sin £ 


+( — FA cosh 4y— ЕВ sinh 4740 cosh 29+F sinh ++) 


E 
° 


віп é 
(cosh y+ cos£) 


Let the two cylinders be defined by constant values of у say =a, 
:=8. We may take a positive and greater than B, then B will be 
positive or negative according as the first cylinder does or does not 
enclose the second. 


Let the outer cylinder be moved with velocity V, and the inner one 
with velocity V, parallel to she axis of Y. 


lf we write 


_ 0v , dy 
А u Jy’ v Әл 





then since at the surface of che cylinder 


u=0, 0=V 


the boundary conditions become, when q—2« 





Qv v cos ё | sinté 

дё тг | (cosh a+ сов zt (cosh a-+cos é)? j 

Qv. zs sin £ sinh a | 

97 Vei (cosh a+ cos £)* } m. 9 


and when yz 


Ov. v. сов ё віп? é ` 

Ot =v f (cosh В+ сов у” (cosh В + сов £)* j 

Qv un sin é sinh B р 
on vel E me, P 
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t 
But when 4a, we geb from the expression for the strenm function 


p ={A cosh За-ЕВ sinh 3a+C cosh a+ D sinh a]cos é 


+ í -1А cogh 4—1 B sinh 4a-+E cosh 2a F sinh 2a+Ga+H ) 





sin?¢ cos £ 
2 | aaa a+ сов £)* + (cosh a-+ сов £) j 


jo 


Y —{3 А sinh 3a--3 B cosh 3a+C sinh a+D cosh a} sin ё 
" 


c 


+{—2 À sinh 4«— 2B cosh 4a +2Ë sinh 2a--2F cosh 2a--G] 


sin £ cy ia n dan 1. : ERE 
Х (cosh at cos £) Us tos y B sinh 4«-HE cosh 2a 


+F sinh да+ба+Н } mn g dinka ; 


(cosh a + cos £)* - (0) 
From (a) and (5) we get the following equations 
Жеш eB duh ВЕС ey Dabam -we (4) 
-la cosh tle sinh 4a +E cosh 2a+ F sinh 2a 
+Qa+H=V,e ge ud 


8A sinh За 4-3B cosh 3a 4- C sinh a+ D cosh a=0 s (6) 
— 2A sinh 4a —9B cosh 4а-Е2Е sinh 2a--2F cosh 22 + Q =0 (7) 


together with four precisely similar equations obtained from these by 
writing Вапа V, for a and V,. 


- 
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Solving, we have, 


A=B=C=D=0. 





E= 1: У) (cosh 2a—cosh 28) 
— 2  (a—f) sinh 2(a—B) +1—cosh 2(a—B) 


pla i ae ° (sinh 28—sinh 2a) 

(а B) sinh 2(a—8)+-1—cosh 2(a — B) 
sinh 2(&-— В) 

(a—B) sinh 9а— 68) +1—совћ 2(a—f) 





G=(V,—V,)° 





"UN [xA EN Oe +V ,)c cosh 2 (a—B) --4e' BV, 
= 4(a—B) sinh 2(a—B)--4—4 cosh 2(a—B) 


—@У,) sinh 2(a— 8) 





Substituting tho values of the constanta we can obtain the stream- 
function. 


Tus PRESSURE. 
e 
8. We know that »V%y and p are conjugate functions. 
Now 
° 
03 V * —2E (віп 2£ cosh 25--2 sin £ cosh y) 
+2F (sin 2£ sinh 25-2 sin £ sinh 7)—2G sin £ sinh т 


Therefore 


= {2E (сов 2£ sinh 2y+2 cos £ sinh n). 


+2F (cos 2¢ cosh 2742 cos £ cosh 1) —2G cos £ cosh n) + eonstant, 


Тнк RESIBTANCE, 


4 The formule for the elongation of the shear are 


Әл* Oy Әм By) MON 
52 ðn бз SE )+ 60 


yah? O*y 6° 4+ 81 Oy, dh? Oy 
8v Өг dn Ón ^86 FE 
(Ibbetson, Elasticity.) 





s=—f=+ 
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Substituting, we get 
e=f=0. 
When =a, 
yc^*(cosh a+ cos £)(&E cosh 2a+4F sinh 2a) sin ё 
and when yz: B, | | А 


y=o7*(cosh B-+cos £)(4E cosh 28--4F sinh 28) sin ё 


The resistance acting on the outer cylinder is given by 


| dy , de 
R =l —( ú 4 =) 
: | (v p. Me 


where U= uy, and the integration is taken round the circle. 


Е, zt" (2(E sinh 4a-F Ё cosh 4а) —4(E sinh 2a 


-+F cosh 2а) J-2F -- 2G (cosh 2a+1)} 
ie M sinh 2 (a—f) N 
кү Үе) sinh 2(a—8)+1—cosh S(a—A)} Eo 





Similarly the resistance acting on the inner cylinder is given by 
v ) sinh 2(a—B) 
*/ [(a—B) sinh 2(a—8) --1—cosh 2(a—f)} 

The formule for the resistances R, and R, take very simple forms ú 
when we put a=0 and У, —0. 

We then have the solution ‘for a cylinder moving in a viscous liquid 
bounded by an infinite rigid plane. - 

4muV , sinh 2f 

(8 sinh 28-Е1—совһ 28) 


R, =—4ap(V, = 


R,=— 


MOTION PARALLEL TO THE AXIS OF Q. 


5, Proceeding in an exactly similar way as іп the former case the 
expression for the stream function is given by 


у= (А. cosh 25-- B sinh 29 4- Cy) 


+ {А cosh $y- LB sinh 34+E cosh Р sinh y 
+ Gy cosh sk ginh т} J (cosh -Есоз £) 


- 
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the absolute constant being omitted as it contributes- nothing to 
velocity. | 

An expression similar to this was obtained by Jeffery in the paper 
cited in a different method, but the, Ponida t condition Е different 
the solution will be шну different, . E 

Let us suppose that the outer cylinder ів ке with velocity U, 
and inner cylinder with velocity U, parallel to the exis of œ 


The boundary conditions are, when =a 


BY = sinh a sin ё 

Of -` (cosh a+cos £)* 
-. ду cosh a ` sinha — PE 
0» Vac 2 T ке } - (e) 


together with two similar conditions for the other oyliuder where 8 and 
U, are written for a and U,. But from the expression for the stream- 
function we get, when y7za, zu - 


ОУ А cosh 3a— B sinh Sa-FE cosh a-FF sinh а 


. sin £ 
+ Ga cosh a+ Ha sinh а [ (cosh a+cos £)*- 


a (2А sinh 2a42B cosh 2a-+C) 


+ 3А sinh 8а— 3B cosh 3a-+E sinh a+ F cosh a 


ы: 


+Q (cosh a+a sinh а) +Н (sinh a+ a cosh a) } J (cosh acos £) 


El {—1А РРА за 4B Binh 824-0 cosh a+F sinh a 


+ Ga cosh a+ Ha sinh a? (eh at дя : 


` 
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The boundary conditions give the equations - x = “к 


— Boosh 3.—1n sinh 3a+E cosh a+F sinka 


5 
+Ga cosh a+ Ha sinh a=—U,ce sinh а e (8 
2A sinh 2a--2B cosh 2a + O =0 Pose WB) 


-i А sinh 3.3 В cosh 3a4- Е sinh а--Е cosh a 


+ G(a sinh а t сов a) + Н(а cosh а + ginh о) == —U ,c oosh а... (10) 
together with three similar equations corresponding to the inner 
cylinder, —— | 
We have thus six equations but seven unknown quantities. But we 
-know that is a single-valued function. It follows therefore, that the 
"velocities and consequently the pressure is a single-valued function. 
We can calculate p, the pressure, by noting that, VV and p are 


conjugate functions. In this way we find that p contains the many- 
valued term 2GE, so that we must have 


G=0 .. (010 


eV А {1544 cosh $ cos £+2 cosh 29 оов 22] 
+ B(2 sinh 27 cos 2£--4 sinh y cos £] J-2H cosh 7 cos Š 
-9E--2H 


Therefore 


p=—F[A{2 sinh ae sin +4 sinh 7 sin é] 


+B{2 cosh 27 sin 224-4 cosh у sin £] -- 2H sinh у sin £] 
апа ЗА | Е % I 
y7c7* [L(a) (cosh a+cos £) --U,c sinh a cosh a 


FU,c sinh а сов £4-4 (A cosh 2a--B sinh Za)(cosh a--cos £)*] 
2 
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The resistance: К, can be ойсон from ths ‘expression - `° 


where = ру aud the integration is taken round the circle. 
e > 


L(a) in the expression for y stands for the quantity —  .. 
–3(А cosh За B sinh За) +Е coh-a+F sinh а 


+H (2 cosh a+a sinh а) 


R,=— ud {L(a) cosh a-- U,c sinh a cosh a+4 (A cosh 2a4B sinh 2a) 


+4 sinh a (A sinh 3a-- В cosh Зо) —2H. sinh*a} - 


== Spor үр, aftep simplification, 2 b 
BT. xu бы сыйы n ote sd i 


—Aps(U, 5 U,)X 


cosh 2a-Foosh98—4+4 cosh (8а 28) —cosh (2a—4B) —cosh(4a—28)} 
Lee ee CC ER cosh (4a—98)-+ cosh (Ja—48)-—-4 cosh (Zap) +h 


—cosh 2a—cosh 28} + {sinh (4«—28) —sinh (4a —48) +2 sinh2(a— В) 





—8 sinh 2043 sinh 28 + sinh (2«—48)]] 


Similarly the force acting on the other cylinder is found to be 





R,— “Н 
с 
When a=0, U, =0 
4uaU 
R,— m: з, 


& very simple expression. 
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TRANSLATION OF TWO nomas IN AN-INEFINITE VISQOUB LIQUID.” 


6. In such а case, the velocity of the liquid does not vanish at 
inflnity, To illustrate this point let us consider the motion parallel to 
the axis of y. The orthogonal components of velocity are 


Əy a, OV 
hae BLU 


H 


At infinity j—0, =r ` 


СТЕНО : 
he. =>30 (E+ H) 


and 
СТИ Е: А 
Әт 


Hence the motion being” finite ‘at infinity is inconsistent with the 
general supposition that the liquid is at rest at infinity. Hence the 
motion is impossible. 


We shonld hardly wonder at this ЕШ Ког Ва has P 
out that the motion of a viscous liquid due to the translation of a 
circular cylinder never sttains to a steady state, and dur present 
problem is similar to that of Stokes. : 


Bull, Cal. Math. Soc., Vol. XIV, No. 3. 


P. 


D. О 


- ia * А T x 2 ^ ` ср ге 
TRANSVERSE VIBRATIONS оғ A THIN Roratine Бор 
AND OF A,RoTATING OrROULAR Віче, ` 


de 


JyoTIRMAYA . Q HOSH, 


Расса University. 


І. IwTRODUOTORY. - ` 


l. When в body rotates about an axis with constant angular 
velocity and is in relative equilibrium, every point of the body may be 
considered as being acted on by а force which varies as the distance of 
the point from the axis of rotation. The discussion of the vibrations 
of elastio solida acted on by such body-forces generally involves 
equations which cannot be solved in finite terms or in any convergent 
infinite serios." It is probably due to this cause that very few problems 
relating to the vibration of rotating bodies have hitherto been solved. 
But an indirect method has often been applied in such cases to obtain 
the frequencies of vibrations which-are very approximate for all 
practical purposes. This approximate method is due to Lord Rayleigh 
and one very interesting problem has been dealt with by Prof. Lamb 
and Mr. В. V. Bouthwell* They have investigated the transverse 
vibrations of a thin homogeneous circular disc rotating about its axis 
. with constant angular velocity. They observe that “ the problem- has 
& practical bearing, as throwing light on the occasional failure of 
turbine discs,” which is most probably due to the transverse vibrations 
of these discs, causing the blades which are fitted to them, to come 
in contact with the adjacent parte of the machine, This problem of 
the laminar wheel suggests the case of a wheel with straight spokes’ 
and a circular rim, which is by no means a less common thing in 
mechanical contrivances. 


1 “Vibrations of a Spinning Diso am Proc, Roy. Boo., London. Ser. A., Vol. 99 
(1921), pp. 272-280. 

“On the Free Transverse Vibratious of Uniform Ciroular Digo clamped at its 
centre ; and on the Effeota of Rotation "—R. V. Southwell, Proc. Roy. Bop., London, 
Ser. A, Vol, 101 (1922), рр. 188.158. 


М. 
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2. It is clear that the aidbassion of the problem naturally resolves 
into two distinct parts, vir, (1) the vibrations of the straight spokes, 
and (2) the vibrations of the circular rim. Both the spokes and the 
rim will be assumed to have small cross-sections, so that the effects 
of what is known as ‘rotatory intrtia’ will be negligible. A spoke can 
vibrate transversally, in two ways, either in the plane of the wheel or 
in a plane perpendicular.to it. The mathematical solution. is identical 
in the two cases, The rim may also vibrate in the same two ways; 
but the equations of motion are differant, though it is known that the 
frequencies of the gravest modes of free vibration are very nearly the 
same. When the spokes and the rim are taken as forming one body, 
the solutions become very complicated on account of the points of 
junction. In the work of the present paper, they are considered as 
separate bodies and independent solutions have been obtained for a 
thin rotating rod and a rotating circular ring. 


IL Tur Вотатно Ro». 


3. Suppose that a rod (AB) of length a is rotating about A with 
constant angular velocity o, Since the rod is thin, we assume the 
stress-system to consist of a longitudinal tension (T,) dfnly. If A be 
taken as origin and the axis of » along AB, we have : 


S T pota =0, 
whence А те 
T, =}po!(A—2*) 

4, Case A. Let the end B be free, so that T, =0 when т=а and 
we have 


T, —jpo?(a* —a*) e (0) 


Case B. Let а mass m [e.g. (mass of the rim)/(number of pokes)] š 
be attached to B, go that when z=a, we have | 


T, = moa, - 


Hence, in this case 


T, —dpo* i^ {a - - pei e (2) 


a Rayleigh {Theory of Sound, Vol. І, Art. 192 a, Love, Elasticity, Ohap. XXI, 
Art, 298, 
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5. Both the forms (1) and (2) may be included in the formula 
m E Wats F T, =+pes(et— xt) A ` oeny (8) 
i ends ET 


where š; 4 С 
*, . g А - n 
c*ca*ora| a+ 3m . 


according as the end B is freo or carries à MARS m. 


When о is very large and the flexural forces are negligible compared. 
with the longitudinal tension, the equation of transverse vibration is’ ' 


Bae. Ө [n ðe 
pede Gite È, [ns rds s 


where а is the small cross-section, and v, the lateral displacement, of: an 
element of the bar at a distance z from the origin. - ` 


Substituting from (3) the value of T,, we have 
— - è M 5 

‘Otv_, . 0 s.y 8v 
eai" s. | 077 Be | 


Assuming the solution 


" ` vef (a) cos (руе) 


вз — sot. > OF af 
'—')0-{— 97 ctf, ^ (4) 
where .., Ti ee АЧ Ў 
n E 


To solve this, it will be convenient to assume & series in ascending 


powers of z & quantity which is never greater than -unity. Let us 


assume 


e 


ХА А, 5 Є ЕЁ +A,( 2 Don ЕС 


` 
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Substituting this in (4), we get 


вз —a¥) [ E Ken) Акта. ОЗ) Aus! us | 


—%а[ wet E A ett Jee [ ect = et F... |= 


Equsting the coefficients of z^ to zero, we have 
(54-2) (4-3) A ngs = (84-1) DFAS 
Caloulating the coefficients of (6) by this formula, we obtain 
fie) A B (2) - A.B.) 


where A, and A, are constants and S, (4) and S, (2) stand for the 
wee gorios : 


"COR cn 


P каз цыш (2 y 





жы чыны Ge DOS ву ыр r) +. 1 
M ee) е ( 2 T 


ал), (BeBe) и в ye 
i uH) (i) 


The complete solution is therefore. 
а= [A.B (7) - A,8, (2)] cos (p,t-+e) . @) 


. 6. Wo have assumed the end A (ie. o=0) to be fixed, so that we 
must have v=0 when z--0. This shews that we must put A,=0, 
and the appropriate solution is 


e= A TB, (2) cos (p,t4- €) ET (8) 


The series S, (x) is convergent "when «<c but it is divergent when 
$c or when sc. We hava now to distinguish between the two 
cases indicated in Art. 4 above. 


In саве A, we have e-o(-a) at the edge, the series S, (z) is 
divergent and the solution is meaningless unless the series consiste 


« 
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of a finite number of terms. Hence we sée from the form of S, (e) 
that, in order that the series may terminate, b? must be of the form 
2n(2n—1), where n is any positive integer., We therefore have 


b2=2n(2n 
or by (5), * 
p, * n(Zn—l)o*,; e o (9) 


п being any positive integer. 
In case B., we have (from A?t. 5). 


e= í Pe — 


апі c is always less than c. The series S, (æ) is therefore always 
convergent. The condition of the end z=a, may be expressed by 


Өй Ja [798 8a S. 


Substituting for ç this becomes 


p,*8, (а) — — S '(a)=0, 


or bS, (a)— "S, (a)=0 e. (10) 


which is an equation in p, *. 

7. When, on the other hand, the influence of.rotation is small 
compared with the flexural forces, we know that, the rotatory inertia 
of the cross-section of the rod being neglected, the equation of motion is 


ðw, Hk? Otv_ 
ӨН д 


where kis the radius of gyration of the cross-section about a diameter 
perpendicular to the plane of vibration.- If p, be the frequency, it is 
given by 

Е тік E е (11) 


fi eret p 





"where m is given, in the case of a free-free bar, by coshmcos m=1. 
and in the case of a clamped-free bar, by coshmcos m= —1. 


`. 
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8. When both the flexural and the centrifugal forces are taken into 
account, the equation of motion becomes 


on 
lf we assume M 
v=f(2) cos (pt--e) 


0*5. ays 8 Noa 9° ] ER Ot 
— d e 0$, | x aat 


we have 


9Es* д*/_ 

w? p Өз* 
If 8 series analogous to (0) be substituted in this equation, the 
relation between the successive coefficients consists of three terms 


(e.g. Angas Arta Ay) во that a general solution in finite terms or in a 
convergent infinite series is ncb easily obtainable. 





(e 29) 97-2 EH —b*f—-0. 


We may, however, obtain approximate solutions by a method! 
indicated by Rayleigh. 7 ‘According to this method, we may assume 
a given form for the displacement v, caloulate the kinetic energy and 
equate this to the sum of the potential energies«lue to the angular 
motion and the flexural forces considered separately, The equation 
thus obtained yields the frequency of vibration. 


We proceed to apply this method to the case A of ‘Art. 4. The 
potential energy V of the centrifugal forces is given by 


V= E ge Jas 
where a=cross-section of the rod and 


T, =4dpw* (а — 0%) 


The potential energy of the flexural forces is given by 


vei ed aze yas 


The kinetic energy is given by 


1 Qv ү 
=u 8i У ade. 


1 This method has algo been adopted by Prof. Lamb and Mr. R, V, Sonthwell in 
the papers cited. 
3 Theory of Botnd, Yol, J, Chap. IV, Arts. 88 st seq. 
. 
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Let us assume the form . ' 
vzzf(m) cos (pt--e). 
Then š 2 E 


Е (6 —a*)( gf yos “рі+ e)da 


$ 
уь 24 J eost pt ode 
and 


eei sin? (pi--«)da 


=p* фра sint (ре) йа 


I V,, V', and T, denote the mean values of V and V', and the 


expression 
A > 


+ “|” sin? (pt--«)ds. 


respectively, we have 


ptm УФУ, а) 
7 


The closer the assumed function j(z) agrees with the actual form 
of the vibrating bar, the more will the value of p* approach 


(Y, +"). 


Moreover, the frequency remains stationary for small deviations from 
the actual type. Hence, if p, and p, be the two values of the fre- 
quency, obtained from the equation (9) or (10) and (11) respectively, 
we have 1 very approximately 


and 
p'=p,'+p," A (13) 
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9. Assume as an expe that 


(x ш Y 
= E = Ss 1 
roza (e) as 
where m is a variable parameteNwhose value is to be determined from 
the fact that the value of the period given hy equation (12) should be 
a minimum. Let us now calculate the values of V,, V',and T,. 
Since the mean values of 


cos*(pi--e) or sin*(pt--e) is +. we find 





a 
V,=tpwiad, fora) E + zm s "da 
а а 
0 
- a B 
= вл: je + (6m — L)a*a* 
0 : 


- + (Эта —6mla*a* —9m* at }da 


a (27m? +-42m +35) 





а - 


Vitia, (om jas 
а 


0 


_8ЕаА, Q7 
= ——— —-E—-Ñ—+O mMm 
a? 


a V А 
T,—4paÀ, j { *en( 2 yy 'de | i 


0 





— paaÀ., è 
= os (ms 40-85) 


1 Bee remarks by Mr. В, V. Southwell in the paper “ Vibrations of a Spinning” 
Digo," 
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Ав в partial verification of the "m results, let us make n—2 in 
equation (9), so that 


з... 
i | d і : Z 
The corresponding value of b* is #2, the series S, (а) terminates at 


the second term and š 


soni СУ 


so that -> ' Е * mE ye per 


Substituting this value of m in the expressions for v у and Т, found 
above, we see that 


v, poetas 


21 
MN MEN . a 
. A, 
so that 
ру? = Y; zz693, 
T, 


which is the same as that obtained from equation (9) by putting n—2. 
To return to our general case, we have 

















| Ү,+Ү!,= 442m 35) BE ms 
© 
as a a 
E 
p*- 
So (lóm* Am 4-85) 


T. D ый 
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If for brevity, we put | 


= - 
р . 0 (05) 
B=yyputa, Ора 


А!==здура, В'==+{ра, C =p 


4, Ат? + Вт С 
"Алт + Вт + O! 
We have now to find m in order that the values of p* may be 
stationary. The corresponding values of ж, are given by 


(AB'—A'B)m* —2(A0'—A'CO)m--BO'—BO'zO  .. (16) 
and the values of p° by 
(AO —2B/*)p* — (O'A-F A'O —4BB^p* 
+A0—1B*=0 . 17 


The values of m and p* may be calculated when the, values of the 
constants (15) are known, and the true value of the frequency will be 
obtained, if the assumed form (14) is appropriate. 

е 


III. ROorATING ОгвосгАВ Бима. 


10. We assume that a circular ring of radius a and small oross- 
section, rotating in its plane with constant angular velocity e, is vibrat- 
ing transversally, the displacements being perpendicular to the plane 
of the ring. If p, and p, be the values of the frequency in the two 
extreme cases, viz., (1) when the flexural forces are "negligible and (2) 
when the angular motion is negligible, then, according to our observa- 
tions in Art, 8, we have very approximately 


p*zp,*4p. 
It is known? that, when the rotatory inertia is neglected, the value 
of p,* is given by 


Ezet по (02 —1)* 
5 — 
Pa = Gnas m+tlto E (18) 


where cis the radius of the cross-section, m the mass per unit length 
and n is any integer. 


1 Love, Elasticity, Art, 998 (b) or Michell, Messenger of Mathematics, ХІХ, 1889 
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We proceed to find p,. | 
ll. Taking the centre of the ringfas origin and (a, 0) the polar 
co-ordinates of any point on the circu ence, we have, assuming the 


stress-system to consist of в longitudig&l tension only, 


* 1 ^^“ 

— = 66 -+ potazad, 

whence 
Lem 

T9(790) -po*a* ¿š (19) 

The equation of motion is accordingly 
Ova. B [ д» 
pabam | ато Se ao 
Н Oty _ „8% 

or : 8P =o? 85 zs (20) 


The solution of this equation is 
е 


o=A cos(u0+ B) cos (pite) 


where 


з 
pt Pa j 


(i) If the point 0=0 of the ring is relatively fixed, we have 
o=A sin иб сов (p,t- e). 
Since, in this case, u=0 when 02er, s being any integer, we have 


sin 2usr==0, 
so that дЕ. Е and в being any integers and 
8 


gi =Z " (22) 
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(it) 1f two diamotricallk opposite points, 0:=0-апа 0, are fixed, 
we must have. . =... : Nm e. 


, ` paz 
so that 
pos, any integer, 
• 


=, 


and 


: $ 
p,78U 


(iit) If tha ends of a quadrant, 0=:0 and b=, are fixed, we 


have 
in^" —0 
gin! 5 
and 
Py = 2s, "OE: 


9 


where s is any integer. 


(ёо) Generally, if the ends of the aro, 20 and #:= 7, are fixed, 


then Ë Š * 


whence ` ` ` : y ` 


8 being any integer. 

The solution (18) for Ps refers to в complete ring. Hence the 
corresponding solution for p. may be taken from (22), and the period, 
when both the angular velocity and the flexural forces | are taken into 
account, will then be given by the equation i M 


SD pr=pi tpi". -- 


The results in (ii), (iii), (iv) give very simple relations between the 
angular velocities and periods of free transverse vibrations of thin 
flexible rotating arcs of any angle clamped at the extremities. 


Bull. Cal. Math, Soc, Vol. XIV, No. 3. 
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GEOMETRICAL BEPRESENWÁTION ОЕ EQUATIONS 
OF CONIOS, FOR COMPLEX VARIABLES 


(Bx 
MANUJANATH GHATAXK 
Chapter I 
$1. The necessity for the introduction of four-dimensional space. 


The geometric representation ofan analytic equation in z and y is 
ordinarily obtained by the admission of only real values for the 
variables s and y, The imaginary or complex values have no place 
there, and where two such equations have imaginary or complex 
solutions, we get no points in which the corresponding geometrical 
figüres intersect? Hence we get the phenomenon in Conic Sections of 
a straight line and a conio sometimes intersebting and sometimes 
not interagcting, whereas the analytical equations always have solu- 
tions. In the latter case we say, to bring the geometrical phenomenon 
in line with analytical results, that the line intersects the conic in 
imaginary points. What is really the case is that there are no points 
common to the line and the conio, 


The anomaly arises out of the fact that the roots of an equation 
with real coefficients give rise to numbers which are not alwaya real, 
The Argand’s diagram gives us a method of representing all these num- 
bers in а plane, and the totality of these numbers covers up the entire 
two dimensional plane region. The real numbers as well aa the purely 
imaginary numbers are but particular cases of complex numbers 


Since for the adequate representation of a single complex variable X 
we require 8 plane or 8 space of two dimensions, the adequate represen- 
tation of two complex variables X & Y would require two planes ina 
space of four dimensions, having а common point at the origin. 
The four coordinate axes will lie two and two іп the two planes. In 
each plane there are an axis of reals and an axis of iringinaries which 
are at right angles to each other. All the coordinate axes may be at 
right angles to one another, but we may have sometimes to deal with 
oblique axes, It should be remembered, however, that the axis of 


` 
Ф 


174 MANUJANATH GHATAK 


imaginaries is necessarily dt right angles to the axis of reals, but the 
angles between the axes in K-plane and axes in Y-plane will not always 
be right angles. In the саво? equations to the Conic Sections, if we 
admit of complex values foM the variables and substitute a+7¢8 for + 
and y-+4#8-for y, a single relatiomconnecting з and y will be equivalent 
to two relations. connecting о, B, у and ô, whigh are obtained by equating 
the resl and imaginary parts separately to zero. Hence we obtain 
that the equations really represent surfaces, whose sections in the plane 
of reals are what we ordinarily consider to be their geometrical inter- 
pretation, In reality, therefore, the équations to the straight line and 
the conic represent something more than the line or the conic in the 
real plane. They represent surfaces, and if the line and the conic in 
the real plane have no points of interaection, and still we can find 
solutions to the equations, we conclude that the surfaces intersect in some 
-points outside the plane of reals. 







Ав an illustration, let-us take а case where the solution for опё of 
the variables is purely imaginary, and see whether a three-dimensional 
“space will give в geometrical solution. 


Let, the equations be +*+y*= 25 and а= Ьо. When |x| <5.the 
solutions, are real and the circle and the straight line in the real plane 
intersgot iu two points, 

When | |=5, the straight line touches the circle, and When [2[>:5, 
there are no real Бота пода апа the straight line and the circle do not 
meats 


Та the realsimaginary plane, on the-other hand, the ourves are the 
hyperbole, 0% --у? =25, and the straight line x=+c; and-when |: |>5, 
the: straight line-and thé. hyperbola intersect in two points; when 
j-e{=5, they. touch, the, point of contact being. the same as in the 
previous, case; and is thé common point-of, the circle and the. hyperbola. 

In each case, thé points of intersection are those in which the’ 
surface o*-+y*==25- intersects the surface к= с, the point of contact 
‘being the -pdint where «=+5 intersects #°--y?=25. Where. the 
-geometrical solutions were. unavailable іп, the real plane, they were 
obtained in the real-imaginary. plane. 

Similar arguments apply with regard’ to the equations »"-+y"=25 
and 4: +c, the alternative plane of solution being the imaginary-real 


plane. The. etatis Leh- land e+e or y=+d are also of 


the same nature, The critical-value in the case of e= +c is [e |a, 
-and-the alternative plane of solutions is the réal-imaginary plane; in 


ГА 
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the саве of y= +d the critical value is | y |=?, and the alternative plane 
the imaginary-real plane. Similar considgrations apply with regard 
to the equations у? —4 as and z=o, the. anifestation of the surfage 
in the real-imaginary plane ів у" -- 4az— fand the critical value is 220, 

In all these cases, we have deliberay6ly chosen the equations in -sugh 
в way that a three-dimensional space suffices to show all the points of 
intersection, This mode of representation has helped to show that 
the curve in the real plane is not the whole of the surface represented 
by the second degree equation, and that there ara other planes where 
we also get Gurves of intersection. It is” difficult, however, $ó get. an 
accurate conception of а surfaca in four dimensions; we can study only 
‘its curve-seolions; and imagine that the surface is made up of all these 
curves. We should remember, however, that hob all planes give curves 
of seotion, and we shall have to choose .our- planes in such а way as 
to make this possible, We shall show later, that-in the pase at least of 
equations of first and second degree, a single infinity of planes may in 
all cases be obtained where:we get ourves -of section, and that the 
totality of all these curves represents the entire surface. 








•  §2.- The plane in four- dimensions. 
Cl. The most general equations. Solid of the first degràs. 
When the equation in four dimensions is of the first degree, we 
might call it a solid of the first degree. 
The most general scheme of transformation of coordinates may be 
тшп 
а "аза, Во yd 840, 
Pait b B Fey td 8-8, Y u 
za,ad 5,8 Te,y tä, tes 
8 =а,а+. bp tesy da 6 


and by its aid any equation of the firat degree inày bë ‘transfornied into 
.=0. We might, therefore, get а conception of a sólid of ‘the first 
degreé from the equation 8=0 which embracés a throe-dimeusional 
Euclidean space. Any equation of the first degrée would then bb the 
analytical equivalent of the solid being given any "desiréd positions in ів 
four dimensional space. - 
We shall now prove that a plane in four-dimbhsidiíal Spade is given 
by the intérséction of any two équations of the first degiee in four 
yariqbles, 
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The scheme of transformation given above would give a correspon- 
ding system of new axes By this transformation any two equations 
may be reduced to the form K=0, é —0 which is a coordinate plane in 
the new system of axes. ence the original equations must also 
represent this plane, and we gothat any two equations of first degree 


in four variables represents a plane. А 


We shall now proceed with the problem of finding ont this plane 
geometrically. 


The general equations af a plane in four dimensions may be written, 


la-+-mB+ny+pisa 
(A) 


VatmB+n'y+p'5=b. 
By eliminating 8 and Š in succession between the two equations we 
can reduce them to the form, 


B=aa-+oy+ e (z) ; 
| (X). 


I 8—ba--dy4-f (ii) 


A special advantage of writing the equations in this? form is that a 
(1—1) correspondence is established between the possible planes in a 
four-dimensional domain snd the equations obtained by varying the 
constants. Buch advantage does not belong to the equations (A) where 
all the variables are present in both. The same plane may, in that 
case, be represented by different pairs of equations, 


Since with every change of the constants of the equations (X) в new 
plane is arrived at, and there are six of these constants, the number of 
planes possible in four dimensional space is six-fold infinity. 

Turning now to the equations we see that (z) represents a plane in 
three-dimensional geometry (this is really the intersection of the two 
solids of the first degree B—aae-Fcy-Fe and 8—0), Thus the solid (+) 
passes through the plane B=aa+cy-+ein (а, 8, у) space. Again (ii) 
is a solid whose section by ô=0 is the plane in three dimensions 
ba+dy+f=0. Now in (a, B, y) space B—a a+oiy+e andba+d y+f=0 
together represent a straight line, which being common to the two 
planes is common to the two solids (7) and (2). Hence the plane (X) 
has this line lying on it. 

Bo much for the (а, B, y) space. In (a, у, 8) space, similarly, we 
get the planes of section to be a a+c y+e=0 and d=batd y+f and 
these determine by their intersection a stratght line which is common to 
(z) and (37) and, therefore, to the plane (X). 


е 
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Now the&e straight lines have the pointjeiven by a a+c y+e=0 and 
ba-+d y+f=0 in the plane of reals, comm Hence these are coplanar 
and as the surface of intersection of two айв of first degree has been 
shown to bea plane, the equations (Ж) are the analytical equivalent 
of the plane defined by these two віта lines. 


We might, however, show that every point in the plane determined 
by these two straight lines lies on both the solids and, therefore, on 
their surface of interseotion, and thus get an alternative proof of the 
fact thet the intersection of two solids of first degree is a plane. 


To show that the plane determined by the line b a-- d y+f=0 and B= 
aa+cyt+e tn (a, 8, y) space, and the line a a+c y+e=0 and 8—b a+ 
а y+f in the (o, y, Š) space, ts the surface of intersection of (1) § (3X). 







Let O,X, and O,Y, be the straight, z 
lines. Then if (a’, В, y, 0) be any e 
point P on O,X, and (a",0, у, &) any " 
point Q on O,Y, any point, R on PQ 

1 =; [А б # 
will be given by (o' 4- ko", B', y + ky", К"). б; P X, 


But if P & Q lie оп both the solids, the point R will also lie on 
them, and hence on their surface of intersection. But by varying the 
points on the lines O, X, and O,Y, and Г, we can make R coincide with 
апу point in the plane; hence the plane X,O,Y, lies altogether on 
the surface of intersection of (7) Ф (її); or the two coincide. 


83. The planes of evamination 


We now pass on to nolice some of the most important particular 
cases of planes in four dimensions. 


Where one of the two equations- defining the plane áotifatus two of 
the variables (а and y), and the other, the other two (f and 8) we get 
what may be termed a plane of examination. 


The equations might be written 


=ma +c... (iii) у. 
i i | as (Y) 


NEU ee) 


"We now proceed to a geometrical consideration of these equations 
in defining the plane formed by them, 


o . 
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Let us take two planes, he real and the imaginary, and 'draw in 
them the'straight lines 


a, 








Plane of reals Plane of imaginartes 


which have the given equations (1) & (tv) and which are really the 
sections of the solids (її) and (1v) by these planes. 


Definitions 


The real and the imaginary plane together may be calledethe basic 
planes. š 
The complex point (a+, y+18) determined by the points (a, y) 
and (8,8) in the real and imaginary planes is said to be formed by 
their association. The points in the basio planes may be termed its 
componente. 

The plane formed by the assootation of a line in the real plane anda 
‘ine in the imaginary plane is that defined by lines drawn parallel to 
them through the complex point formed by the association of a point 
‘on the real line of association, and a point on the imaginary line of 
association, 

These lines of association are, of course, at right angles. 

Analytically, the equations to this plane are given by (sit) and (iv) 
together, for these two together representa plane, And the (a, y) 
coordintes of the plane satisfy (1) and the (Б, $) cordinates satisfy (tv). 
Heéneé both (ffi) &nd (fv) pass through this plane, which therefore must 
coincide with their plane of intersection. 

Hence we obtain, that there is only one plane formed by the asso- 
ciation of a line in the real plane and a line in the imaginary plane, 


[d 
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We-siow prové- some important: pro 
planes of examination. For convenienc 
follows will mean a “ plane-of examinati 


попа with regafd: to- tess 
the word “ plane” in what 






Proposition Г 

Two planes will interest in the complex point forméd by thë aaad- 
ciation of the pointe of interdéction, in the basic planes, of the lines of 
association of the planes. 

This follows from the. definition of the. planes. If B Ф D be the 
points of intersection of the lines. of association, the complex point 
(B, D) formed by the association.of B & D, lies on, both the.planes aud 
is their point of intersection. 

Hence it follows that-two planes will; in general; intersect ih only 
æ single point; for the lines in the basic planes interséet in only à 
single-point unless coinciding. 


Proposition ТГ 


Two planes are parallel when they are-formed by the dasociation of 
lines which are parallel straight lines in their planes of-ieference. 


E Definition. of иенен 


Two planes are parallél when the line ab manu of one coincides 
with the line at infinity of the other. 





Plane of seals, - - Plane of tmaginaries. | 
Let(AB,EF)and OD, GRY be- tlié two plines and'AB be parallel 
%:00 and- EF-tó GH: By Prop. Llie- point of intürsüolioü 18 thé 


* 
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complex point formed by the association of the points at дош а 
АВ & ЕЕ. 


Lf we draw the plane of \xamination F 
(AB, EF) having as origin X point O' 
formed by the association of a Boint on 
AB and s point on EF, the complex «œ 
point of intersection will be that deter. 
mined by a point at infinity along A'B' 
and a point at infinity along E'F' 
(these being lines" parallel to AB and E' 
EF through O'). But these coordinates 
do not define a single unique point but^7(— —  — A^ — — Bi 





an infinity of points infinitely distant and lying on the line at infinity. 

Hence the points of intersection lie on the line at infinity on (AB, EF). 

Similarly they lie on the line at infinity on the plane (CD, GH). 

Thus the two planes have identical lines at infinity i.e , are parallel. 
Proposition TIT 

Two planes are also parallel when one pair of parallel lines of asso- 
ciation become coincident. 

This follows from the preceding proposition when we remember 
that the line at infinity includes points, one of whose cordinates is 
finite. [These, of course, are one or other of the two points at infinity 
lying on the axes]. 

Proposition IV 

Of the two systems of doubly infinite planes which pass through 
two different points, among corresponding parallel planes there is only 
в single pair which is coincident. 


p 





Plane of reals Plane of (magtnartes. 


Let (a, В) and (а, 8’) be the points through which the systems of planes 
are drawn. The corresponding parallel planes are those which have 
their axes parallel (£e, are formed by the association of lines which 


Ф 
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are parallel in their basic planes). In the gase in which the parallel 
axes get coincident (f.e. in the case of fhe plane (аа, BB’) we have 
coincident planes. The plane of examination (ao', ВВ’) is common to 
both the systems. l i 

Propositif V ` 

Two planes will meet if a single point at infinity when one of tho 
lines of association of one is parallel to that of the other. 

Prop. I gives us that the point of intersection is that formed by the 
association of the finite points of intersection in one basic plane, and а 
point at infinity in the other. When we draw one of the planes we 
find that the point of interseotion is ab infinity along an axis. 


Proposition VI 
If a line of association of one plane coincides with that of the other, 


the two planes intersect ina line parallel to the coincident line of 
association. 


Y B Ww D 












0| p x 0 7 ^ Z 
Let the coincident line of association be in the real plane and let it 
be AB, and let CD and DE be the imaginary lines of association inter- 


secting at D. Then Prop. I gives the points of intersection as those 
formed by association of every point of AB with D. 


Let us draw the plane (AB,LOD), Y: 
and let it have as origin O, found AEE aa 
in the usual way. Then in this plane 
the points of intersection will have the 
same y-coordinate, and, therefore the line 
of intersection will be parallel to O,X, 
and hence to the coincident line of asso- 











ciation AB. : б, — X; 


. 
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The analytical proof is‘also interesting. Let the planes be 


` 


y=ma +c, , у= тае, L 
=m, b +d, Э Smm, ptd. | 
The equations to the common line of intersection are, 
y=mate, ) 
dm, В-Ф, 
=m, B+d,.) 


And the straight line is obviously one parnllel to the line y=ma+c 
in the real plane, through the point (0, 8, 0, 8) where f and Š are 
determined froth the last two equations 


$4. The plane of the first degree 


We now come to another particular case oft he general equations 
toa plane. It is furnished by the general equation of the first degree 
in two variables. . 

The most general form of the equation of the firsb degree is y— 
metce. : 

Splitting up the real and imaginary parts after substituting a+¿8 
for е and y 4-18 for y, 


y=ma+c...(a) b-m...(b). 


This shows that the equation whose manifestation is а straight line 
in the plane of reals is, in reality, a plane. We see also that it belongs 
to the'class-of the planes of examination, Bucha plane is termed a 
plane of: the first degree. 

Planes of first degree are; However, particula cases of the planes: of 
examination. 

For, from the equations (а) & (b) we see, (a), that the.lines of asso- 
ciation are inclined at the same, angles to the-coordinate:axes in their 
respective basic planes, and (8) that the line of association in 
the imaginary plane passes through the origin. These conditions 
doubly limit the possible number of planes and we get the totality of 
such planes to be only a two-fold infinity. The single. equation in two 
variables to the surface also shows. this to be the case., 

The two following propositions with regard to planes of first degree 
are of importance. 


. 
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-Proposition А 
(Equations of-first-degree'ih two variable which represent parallel 
lines in the plane. of-reals-are-redlly paràfiel planes meeting in a single 
infinity-of points, situated altogether:at infinity. 
Tiet-us take the two equations 
° y=mat on (e) 


and 
y=mr +c... (d) 


w Y 





NS 


и = 


2 





For egnation (с) the lines of associntion are, 


yz mae, 
mE | x 
For equation (d) they are, 

у=та+ ) 

&= mB \ B 
Since the planes have parallel lines of association in the real plane, 


and coincident lines of association in-the imaginary plane they represent 
parallel planes by Prop. III p.,180. 

The second part of the proposition is proved from the definition of 

parallel planes. Я 

А complementary ‘proposition with regard to all other eqüstions of 

first degree is given by, 
Propostiton В 

‘In all other.cases they represent planes having otily: ee к 

of interseotion, which is in the real plane, 
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This follows from the fact that two first degree equations in two 
variables can only have a гфа] solution. The proposition might also be 
proved by the theory of lanes of examination by the help Prop. T 
p. 179. The lines in the imaginary plane pass through the origin; the 
lines in the real plane intersect at a definite point. Hence the point of 
intersection is obtained by associdting the definite point in the plane 
of reals with the origin in the plane of imdyinaries. Hence the point 
lies in the real plane, and is the intersection of the real lines of 
association. 


The plane of the first degree with complex coefficients 


We shall now consider the first degree equation in two variables, 


where the constants are complex quantities, and see what the equation 
represents under these circumstances. 


Let the equation be 
y= (A+1B)e+0+4:D, 
or ў 
quiis HB) B) --O44D.. ° 
Splitting up real and imaginary parts, 
ү=Аа—В/8-+ С, 
8zBa-4- AB-FD. 


Hence the plane belongs to the most general class though it is o 
special case and contains only four constants. 


The section of this plane by the solid 8—0, is the straight line, 
y2:Àa—BB 4- C, | 
О=Ва+АВ+р,) ` 


in the (a, B, y) space. 
The direction=cosines of the line are proportional to 


A,—B, A* +B. 


Since every line in the (a, B, y) space is perpendicular to the S-axis, 
the fourth direction cosine of the line is 0, 
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Hence the direction-cosines are proportional to, 


A,—B, A* --B*, d 


Similarly the section of the plane by y=0 is the line 
M" ‚ | 


0—Aa—Bf-4-O, 
à—Ba--AB-- D, | | 


in the (a, B, 6) space. 


The direction-cosines are similarly proportional to, 
B, A, 0, А*%-ЕВ*, 


. Hence applying ll'+mm'+nn'+pp'=0 we see that the two charac- 
teristic lines are at right angles to each other. 


Hence, the same method as in the case of the most general equation 
gives the geometrical location of the plane. In this case the charac- 
teristic lines determining the plano are found to be at right angles. 
This will be of use in determining curve-sections of surfaces and solids 
in such a plane.” 


85. Applications. 


° 
The ground having been thus prepared, we shall now deal with the 
problem of the intersections of equations in two variables, where the 
solutions are not available in the real plane. 


Problem I. 


To find the points or lines of intersection of the шн given by 
a? у? —0 and 2* 4-y* —a* 0 


Put 
t=a+if, y=y++9, and the equations become, 
(a+) + y 38)? z:0.— (atip) + (yti) at. 
whence we get 
a? — B* 4- y* —8* —-0... (1) at — f -- y* —8* —a*... (3). 
af 4- 38:0... (2). | а8-++у8:=0...(4). | 


Equations (2) and (4) are identical, and we have a case of curve- 
intersection of the two surfaces, 
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(1) & (3) are inconsistent together unless a*--y* and fi*--3* ‘tend 
to become infinite, SE each other in a ratio of equality. 


From (2) we have, 


This shows that a, B, y, 8 must all be infinite for the points of inter- 
section, From (5) we find that the points at infinity where the ourves 
intersect are of the form (a+2f, та— 8) or (X, iX) where X- gets 
infinite along a particular radius vector given-by the ratio of a and 8. 
Since, however, this ratio is indefinite, we have the case of a single 
infinity of points at infinity. Hence the -surfaces intersect in a curve 
at infinity. We shall now determine whether these touch at infinity all 
&long the curve. The sections in the real-imaginary and imaginan 
plane seem to suggest that this might be the case. 


Before doing so, however, let us develop & method of obtaining an 
infinity of planes where we may get curve-sections of the surfaces, 
Let us analyse the equations (1) & (2) viz, 


a? — fp 4 y? — 2% ==0...(1) 


af 4- y8—0...(2) К 
(2) by itself denotes в surface, and the penes obtained by giving tok 
all real values in, 


| =k... (5). 


a 
y 


lie entirely on the surface. Hence the surface consists entirely of 
these planes, (which, it will be seen, are planes of examination). This 
is а case analogous to the generating lines of a ruled surface. They may 
be termed the generating planes of the solid. 


Thus the intersection of ‘these planes with equation (1) will give 
the entire surface. The curves in these, in their totality, represent 
the whole surface, 


Now for a deflnite value of k, the equations (5) represent two equa- 
tions. These two equations combined with (1) give us three equations 
among the fonr variables. We have thus for their intersection a 
certain curve, and we proceed te analyse this curve and see what it 
geometrically represents, 
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In order to determine the sectiomin:tRe plane a=/y-8=— kp, for 
any value of k the following artifice may bé adopted. 














Y 
. 
e 
Ec = А 
a 
о, Z O x 
Plane of imaginarivs. Plane оў reals. 


The plane is formed by the association of the lines OA: & OB in 
the'real and‘imaginary planes whose equations are а= у, ë= — kf. 

Take for axes the lines OA Ф OB which are at right angles to each ' 
other. A unit length-along ОА will have the cordinates, 


° 
k. 1 
Mire EP 
aud a unit length along OB, 


) 


1 -x 
Верт RR 


‘In order to determine the curve inthe plane our method’ will be to 
take any point (m, ти) referred to these lines as axes, and then to 
express’ the original coordinetes in terms obm m/. The substitution 
of these: inthe given! equation. will give us a relation:Hetween: m & mi 
whicl? will be'the curve:required'in the plane. 

The point (sh, m) in this plane-Has for'its coordinates, 


mk m 
VIF’ YS VIE hs 


a= 


т! —m'k 


B= ir (PUER š 
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and substituting these in um (1) vis. 


a? —p +у*—8* =0, 


* 


we get š 
mks _ a m? та» =0 
1+ l+ 1+ ТЕА o 
or 


m? —m't=0. 


[We would have got the same result if we had substituted those 
values in 0% 47 y* =0, where z=a+£8, y=y+ 16]. 


` The equation obtained is independent of k and we see that in all 
these planes the section is the same; viz the pair of straight lines 


m? —m =0. 
s 


In the case of the equation æ? у? =a", we see in an exactly similar 
way that the section is the rectangular hyperbola, e —«'* za*, 
s 


Since the planes of examination in both these. cases are identical, 
the two surfaces touch each other at infinity at two points in each of 
these planes, where the m & т’ coordinates are in the ratio of equality, 
and, therefore, the z & y coordinates are of the form (ХХ), or (7X, X). 
This happens in all the planes obtained by varying k, and as these 
planes, in their totality, contain the entire surface defined by the two 
equations, these touch each other all along the single infinity of points 
thus obtained; f.e., they touch each other all along their curve of 


intersection. 


Tn the case of the equation «* +? = —a* the same process will give 
the section in the identical planes of examination to be m? —m/* 4-а =0 
and this represente the conjugate rectangular hyperbola, and the 
surface touches in the curve at infinity the other two surfaces. 


The same is true of all the equations of the form «*-y*-a? 
obtained by varying a°, which are concentric circles in the plane of 
reals and concentric rectangular hyperbolas in the single infinity of- 
planes of examination а= ку, ё——Ё8. And we deduce that they all 
touch in their common curve atintinity at every point of which the 
z Ф y coordinates are in the ratio of 1: i. 


. 
. 
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Problem II. 


То determine the points and lines of intersevtton of the surfaces given by 
wI +y’ =a, and (s—h)5 Ty zzb*. 


The equations become, when broken up into mi and imaginary 
parts, E 
аз 4- y* — B* —8* =a — (V) (a. —h)3 4- y? — B1 —8% =! —(3') 

ap-+y8=0—(2') (a— 18 4-80—(4) 


. The finite points of intersection might be obtained by solving the 
equations. For the points of intersection at infinity we shall adopt the 
analysis of the preceding example. 


Ав before, the sections in the planes, Я =Š =k, in the case of the 


B 


Bo en cu dd the саве 


B 
of the equations (3*) & (4), are Bisogna hyperboles whose asymptotes 


are m* —m'* =0. 


Now the*planes a=ky, $= — kB and (a—h)=ky, è= —kf are parallel 
(by Prop. ПІ p. 180). They intersect in: the line at infinity in their 
planes, Š 


[That the planes intersect in a line is also apparent from the fact 
that their equations are equivalent to the following three equations : — 
асу, a—h—ky and 82: —KkB.] 


The parallel asymptotes in the parallel planes, and therefore also 
the rectangular hyperbolas intersect-in points at infinity which lie on 
this line at infinity. This happens in the case of the single infinity of 
planes obtained by giving k all real values, Thus we obtain that the 
surfaces intersect in two finite points and a single infinity of points at 
infinity, or a curve at infinity. The coordinates of the points at infinity 
along the system of planes az Ау, ó— — 16 are {А +В, (А +В) } where 
A & B have infinite values in any ratio: з. e. A--B may become сш 
along any vector. 


equations 10 ) & (2') and those in the planes — 


[We also see why there should:be a curve of intersection of the 
surfaces, from в consideration of the equations. For the fonr equations 
are really equivalent to the three :—a=oo, a*—f*+y?—5*=0 and 
of +75=0, a curve altogether at infinity]. 
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The problem is very signilar in the case of the equations 
алу pma) — (a—h)*4 (y— Bt —B* =b - (9) 


af 4-80 —(2") Ca—h)B+ (y k)80— (4^) 


In the case of equations (1”) and (27) the single infinity of planes 


2 = m =k have curve-sections of the surface which are rectangular 


y B 


hyperbolas. The corresponding planes are parallel by Prop ПІ p. 180 
and the asymptotes being parallel lines in these planes intersect in two 
points at infinity on the line at infinity on both. The curve-sections, 
consequently, intersect and the surfaces have points of intersection in 
each of the single infinity of planes obtained by giving k all real values. 
Regarding the finite points of intersection the ordinary methods suffice. 
Combining all these we get, { 


е 
(2) The equations which in the plane of reals are concentric 
circles, are surfaces which touch at all points on a curve at infinity 
whose г, y coerdinates are in the ratio 1:+2. These 'boints have 
coordinates of the form [A +£B, +7(4+3B)] where A & B are infinite 
and different points are obtained by varying the ratio in which they 
become infinite, ; 


(H) Al equations representing circles in the plane of reals havea 
common curve of intersection which is the circle at infinity. Any two 
of these have, besides two finite points of intersection. 


And now we can see why it is that two circles can never intersect in 
more than two points, whereas two conics will generally have four 
points of intersection. The corresponding algebraical equations with 
which the circles have been associated have two finite and two infinite 
solutions, and the points corresponding to the infinite solutions are 
always outside the plane of reals. The finite solutions give rise to 
finite points and where these are real the circles intersect. But the 
infinite solutions give rise to the curve at infinity whose v & у coor- 
dinates are in the ratio of 1:+7¢,and which is, therefore, absolutely 
outside the plane of reals. 


Two concentric circles can never tnterseci.—For the corresponding 
algebraical equations with which they are associated have two pairs 


. 
. 
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of coincident infinite solutions, giving rise to the circle at infinity 
twice. Hence these can have no finite poiAts of intersection. The 
infinite points are outside the plane of reals. 


The following examples illustrate the method by which we can 
bring to view the surface represented bp the general equation of the 
second degree in two variables, the consideration of which will appear 
in the next Chapter. ` 


Problem ILI. 
To determine a single infinity of planes which intersect the surface 
ш + =1 in curves, and to find the equations to the curve-sections in 
a 


these planes. 


The first portion is solved by а method similar to the preceding. 
On separation of real and imaginary parts, the equation splits up into, 





a? — 3% 2.01 
дю uis =1 


—(А). 


¥rom the second equation we have our system. of planes to be, 


еВ 
а at $ TM te 
or 
LI 
уста, b=- Š, 


To find the equation in this plane we take the lines of association y-ma 
in the real plane, and p=" Š in the.imaginary plane as our axes. 
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If (k, FE) be any point in the plane 
with reference to these axes, the 


(а, B, у, 9) coordinates of the point are, 3 | 
* ë si 
k mk š | 
= — === = VI 
OV Temi? rxmi ©, . 
y=ma, 
таз beh! 





Peel pu s MEE 


On substitution of these values in the first of equations (A) we get 
the locus to be, 


k’ pa 1 


аът) b*qmta* тэа 0% 





We thus see that the sections are different in different planes. The 
aggregate of all these ourves is the surface itself. Its manifestation 
in the plane of reals is what we ordinarily associate’ with the repres- 
entation of the equation. We see, however, that all the curves are 
conie sections. ` š 


We take another problem to illustrate the case where the lines of 
association do nob pass through the origin. 


Problem IV. 
To solve a similar problem in the case of the equation y*—4as. . 
The equation may be written, 
(y+ të) §=4a(a+¢f) 


which splits up into, 


y? — 0° —4aa 
{ ate (A^). 
үё==2аВ 


From the latter we got the equations of the planes of examination ав, 
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and the lines of association in the real and imaginary plane аге, ` 
y=tak, B—k8. 


7 ^ 


W, 





Plane of imaginartes.. 


Let O, bethe point where 
the real line. of association 
intersects OY; and (00,) 
(1.6, & formed by association 
of O& O,), be the origin 
of coordinates in our plane of 


examination, 


The point (m, m will 
have its coordinates, 





Plane of reals, 
am, y=2ak 


hn! m 


B= TIER ° Š= REC 


Substituting in the first of equations (A’), the equation to the comple- 
“mentary curve becomes, 


! 
44% k* -i I5 =4am 
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| (n — —do(m--ak*) 


Transferring the origin to the point'(ak*, 0) with reference to new axes, 
or to ° 


a=akš, 8=0, y=2ak, 80, 


which is the point where O'L intersects the parabola in the real plane, 
the equation to the complementary parabola becomes, 


mE __ 

pee =m m 
This parabola meets the parabole in the real plane, and has its axis 
in the opposite direction. All points along O'L where m is positive 
are within the principal curve, and for negativa values of m the points 
are within the curve in the plane of examination. ' 


Bull, Cal. Math. Soc., Vol, XIV, No. 3, 


5 
THE INVESTIGATIONS OF THE FORCED OSCILLATIONS ВЕТ UP 
IN AN AEROPLANE*'BY PERIODIC GUSTS OF WIND, 


WITH SPECIAL REFERENCE TO THE OASE OF 
SYNCHRONY WITH THE FREE OSCILLATIONS. 


Br 
NALINIEANTA Basu, 
Calcutta. 


The “ Phugoid theory " propounded by Lanchester and elaborated 
by Bryan furnishes us with the path and the periods of the natural 
oscillations of an aeroplane which has been plunged with a velocity 
slightly different from’ its natural velocity. The equation of the path 


given by Lanchester for an nerodone is 
° 


H С 
: А Сов 0— ЗН, + JR 
when 6 is the angle of path to horizon, Н, the natural height ile, the 
height of fall corresponding to the actual velocity and C a variable 
parameter. For different value of C Lanchester has plotted the flight- 
path in his “ Aerial Flight " and discussed their various possibilities, 
From the form.of the equation it is evident that the path is & periodic 
one and Bryan in his Stability in Aviation proceeding in a more 
mathematical and extended way finds that the periods of the natural 
oscillations are given by the roots of а bi-quadratic which he has solved 
.for particular cases. In general he finds that the motion consists of 2 
distinót periodic oscillations, the time period of one is very long and 
‘another comparatively short. In fact- Thompson solving a particular 
case of an aeroplane with the natural velocity 100 ft. per sc. finds that 
the roots of Bryan’s bi-quadratic are given by 


At4 5-249 +1164? --1:38A 4- --1:04—0 
so that the roots are | 
Àz—2:64--2-14 /-Y 
A=— 089429751 77 | 


° 
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It is worth noticing that the first pair of roots are about seven times 
the second pair, while the damping factor in the former case is about 
70 times that of the second Во that the longer oscillations are damped 
out the quicker, & lucky fact indeed for aeronautic. 


The study of these free oscillations of an aeroplane by Lanchester, 
Bryan and a host of others has given sufficient data for aeronautic 
engineers to build stable aeroplane but one point of danger still remains 
which has been the doom of many an aviator. It is well known that 
if a periodic disturbance acts on a system which has its own natural 
period of oscillation and if the periods of the disturbance be almost 
equal or equal to the natural period, the system may bé thrown in & 
violent state of oscillation which may prove dangerous. It is one 
redeeming feature in the motion of an aeroplane that its oscillations are 
damped which may sometimes check the abovementioned pernicious 
tendency. In order to study this problem mathematically I have 
undertaken the following ‘work. It has been found that under certain 
qualifying conditions the aeroplane may have a stable motion in the 
face of auch a periodic gust of wind. The problem could not be very 
thoroughly treated as experimental datas and theoretical knowledge of 
air forces is still meagre in spite of the enormous strides the science 
has taken during and since-the war in the hands of Prandtl, Eiffel and 
Bairstow. ° 

We start by writing down the general equations of motions of Rigid 
Dynamics. Taking the centre of mass of the aeroplane as the origin 
of co-ordinates and 3 rectangular axes fixed relatively to the xeroplane 
and moving with it in space and using the following notations j 


W, weight of the aeroplane. 
A, B, C, moments of inertia about the axes. 
D, E, ¥, correspouding products of inertia. 
th, 0, 40 components of translational velocity. 
Boro Ce » of angular velocity. 
hy. legs h, ET of angular онар 


we have the following equations of motion : 


w( de , quom )=Aee. force along the v—axis 
gt g g | | 
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and two similar equations, also 
" . 


© + gu т = Асо. torque abont the s—axis 


90 g 
and two similar equations, and К - 
hy =Ap—Fq—Er 
hy =Bg—Dr—Fp 


h, =Or—Ep—Dq 


In the first place, let the aeroplane be flying steadily in a horizontal 
straight line. Let this be the axis of z (the line parallel to the line 
of flight and passing through. the C. G.) and a line drown vertically 
downwards through the C-G, the y—axia and a horizontal line per- 
pendionlar to these the axis of z, ‘ 

lf the aeroplane be turned in any other directions the ‘vein 
‘angular co- -ordinates will specify them : 

Starting from an initial position, let us rotate the aeroplane nint 
the y—axis through an angle y and then about the new position of the 
axis of z through an angle 0 and lastly about the final position of the 
a—axis through an angle $. The cosines of the angles between the 
old axis r,gy,s, and the now #,4,2, an given by 


т а El Ue — 
to cos 6 сов y, sin ф sin y —cos ф cos у віп 6, 
Yo sin 0, сов @ eos p, 
žo —cos 0 sin y, * Bin $ cos y-F oos $ nin y sin 6, 


74 А 
сов $ rin у-- віп d сову sin 0. ` 
— сов Ó sin ¢. 
сов ф cos Y~sin ф віп ү віп 0. 


and the angular velocities P, q, r are given in terms of 0, $, y 
р=ф+ ain 8 
=Ü sin ф-+ сов 0 cos $ 
к==@ cos $— J cos 0 sin $ ç i 


The imposed forces and couples are due to (i) gravity (z) the 
propeller thrust (117) air resistances (ir) the periodie disturbances due 


to the gusts of ‘wind. 


x 


198 .NALINIKANTA BASU 


The compononta of gravity along the axes are W sin0, W cos совф, 
— W cos 0 sin q and and the corresponding moments all vanishing. 


The propeller thrust is assumed to aet along a lino parallel to the 
в—ахїв and at a point on the y—axis distant 'h?’ from the origin, then 
the components of thrusts аге e 


so Ed 

Point of application, О, ^ O 
Force, H, O, O 
Torque, О, O,—Hh 


For the components of air resistances we assume that they reduce 
to X Y Z and LM N and these are taken positive when they tend to 
retard the corresponding motions of translation and rotations. The 
components of periodic gusts are Pe"!, Ос“, R'e"!, P'o*', Q'e"*, Re" 
where ‘m?’ is an imaginary quantity. Hence the equations of motion 
are in the case of symmetrical aeroplane (in which D-2E-—0) 2 


T Wee Jew sin 0-.-H —X — Pe"! 
T ( Trigo jew cos @ cos $à—Y—Qe"! • 
w "(m dw +po—gu )= — W сов 0 gin $—Z —HR'e*' 


Adp F. dq = n рт _т pmr 
g di g О dc Bere ' 


zi -E Pha- oer в =—M— Qa"! 


eat Aye prt —-—HA—N-—Re*' 


Now ‘suppose that the aeroplane was descending with uniform 
velocity U- in the direction’ of the r—~axis and let the axis make a 
‘constant angle 0, with the horizon, before the periodic gust began to 
operate ; then initially u=U, о. w, p, q, 7 zero, and the components of 
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the gusta absent and let the components of air resistances in this case 
be denoted by X,Y,Z,, LoM No. The equations of steady motion are 
O=W sin 0,--H—X, 
0=W cos 0,. ` —Y, 


= 


0e =й 
0= E 
ME SM 
0= —Hi—N, 


If now the periodic gust begins to operate we assume that the 
velocity components become U-+1, v, w, p, q, r when u, v, w, p, q, 7 ате 
all small. ln the theory of small oscillatiens of dynamics we suppose ' 
that the squares and products of these velocities are negligible. The 
resistances X, Y, Z, L, M, N are functions of the velocity components 
U+*, v, w, p, q, т and the further assumption in dealing with small 
oscillations is that to в first approximation these resistances are 
expressible in the form = 


ХХ, +uX, +X, +X, +pSp,+gk,+rX, (Bryan) 


This assumption is common in treatise on theoretical mechanics as 
a first approximation when small oscillations are concerned. In our case 
since we have assumed the aeroplane as symmetrical ‘ 


X=X +X +X., +X, 


X,, X,, X, being zero from considerations of symmetry. In small 
oscillations moreover 0 will differ from 0, by а small quantity « and ф 
will be small, then | 


sin O=sin 0, -+e cos Ó , cos 6=cos 0ç— « sin 0, 
sin ф=ф | | сов 4zi f 
Hence the modifled equations of motion become 
W du 
g dt. 


Ps 


eg 

di 
P 
g 


=W (sin 0, +e cos 0,) -H — X, —uX, —vX, —rX, — Pe"! 


+U )= чү (cos 0, —= sin 0 2- —Y,—wY,—sY, —r¥, Qo! 


= —qU) =—W¢ cos 0, — Zo —twZ,—pZ, 742, Б'е": 
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Adp F a e 
5 Р =D, —wh,—pl,—ql,—Ple"!. 


at 
B dqg_F dp. з ү кР own (®t 
g di g di . ane praese 
"e 
oe ——HA—N,—uN,—voN,—rN,—Re"** 
g dt ñ A j 


We substitute from the equations of equilibrium and rearrange the 
equations in two groups, the first group containing those involving 
tt, v, т, and the second group involving р, 9, w We thus get 


+ 


w We cos Ü, —uX,—vX,—rX, ~ Ре"! 
g 


T ( РЕС joue sin CA —нҮ, —vY,—r¥,—Qe™' | 


O dr... uN,—oN,—7N,—Re"' 
yg di 


and the second group 


z( S. -qU )=—Wəe сов 6,—wZ, P, —qZ,—We*' 


HE їр_ TENE ри, hi, — P'e** 


Bdg F dp... —wM, —pM,—4M, —Q'e*' 


The complementary functions of the first group of equations will 
give the longitudinal or symmetrical oscillations of the aeroplane and 
the second group give the lateral or transverse oscillations. 


' 


Group I. 
To solve this group of equations we assume tu, v and ¢ each propor- 
tional to u,e"’. v,e"~,e,e"' (as is the convention in the case of forced 


oscillations) so that domu," (mme t E =me,e"' and since 0=0, 
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e"* we get 


( z m-d-Xu ut ото, +(mX,—W cos 0) + P=0 


. 
Үн ( Ц m+ Yo Jos {( T, jew sin 0 } 6+9=0 


4 
Naty tN, vo ¢( Sant Nom )+8 =0 
a 


Solving these equations for uç, to, € we get 


Uo 


— M ÀÓ T 


X,, mX,—W cos 0, P 





T m+Y., (we +Ү, jew sino, Q 








Ы NS Coie +N, m. R 
Чч g 
е — vo 
H m+X,, nX, —W cos 6, _P 





wa Y UM, уен sino, Q 


No Сте +, m R 
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—1 - BEES! 
F(m 











M m+X,, X,, X, ‘п —W сов 0 
g i Ln 


Y., X m+Y,, (wes jew sin 0 


N,. N,, r a 


where F(m)= XB n pana T Dom E, and these values. of 
Ao Bos Co; D, and E, are given by Bryan 
A,=CW? 
Bo/y=CW(X X, +Y.) + Wen 


O,/y2=C(X,Y,~X.Y,)+W[(YN,—Y,N,)+(X,N, -X,N,)] 


Do/y?=X.(¥N,—-Y,N,)+X,(¥,N,—Y¥,N,) + (YN. —Y,N,)X, 


+WE(X.N,—X,Ns) + T (N, cos 0—Х, sin 6) 


7. re 
E,/g*= T [—cosé( Y, N, — Y ,N,)—sin (X, N,—X,N,)] 


Hence - 
X, — mX,—W оов 0 ; P 
qo EXS(WT ev.) пуш `Q 
ү Coy 
N,, т? +N, mn, | ^e R 
is = g : _ Pm) 





Agom* Bom? 4-C,m* --D,m-- E, ~ Fn) 


"E 
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similarly v= pe and ‘Eg = KS ; thus the complete values are 


t(—28,60"1! +a,e"s' -Ea,0" 3! +a, c" 4! H- ne"! 
v=b e" 1! +b ons! етэ +b e"! eue"! 
є=сүв“з' фсе" +o e"a ! Fe,0" 4! +€ 0"! 
where эж, m, m, m, ave the roots of F(m)=0 > 


The motion of the aeroplane is almost exactly the same in the above 
case as it was when the gust did not act, only a periodic oscillation has 
been superadded on the other oscillations of theaystem, Hence its 
conditions of stability in the general case can be found from Bryan. 
But if m=m, orm, or т, or т, i.e. if the period of the gust becomes 
identically equal to one of the periods of natural oscillations of the 
system then F(m)=0 and w, v, and e, would become infitely great 
unless $(m), (ә) and x(m) become: zero at the same time i.e. unless 
Ф(т) and F(m), (m) and F(a?, x(m) and F(m) have common roots. 


Now F(m)-—A,m*-- Bom? Сот? --Do4m-F E, 


Ф(т)= . Am? + Bm?+Cm+D (say) 
1f (т) and ¢(m) have a common factcr to find a relation between 
the coefficients of the two equations we follow Sylvester's Dialytic 


method of elimination. Now suppose certain value of m make both 
, F(m) and $(m) zero i.e. 


Aam! 4 Bom? +C,m! + Dom+H, =0 sse CL) 

Aa? + Вт? + Cm + D=0 we (2) 

Let us consider the different powers of m ав so many distinct 
unknowns. We have then 2 non-homogénous linear equations in the 


four unknowns m, m*,m?,m*, Multiplying (1) by m and then by m° 
and (2) by m, m*, m? in turn we have 


A mt -Bom* 4 C,m* E Dom? +B mà =0 
Aom’ +B; mt +O mt -D,m* --Eom =0 

| Ат Dom? Com? + D,m+ E, =0 

Am? + Вт? + Cm + D | =0 

Amt + Bn? + Cm? --Dm i —0 

Ат + Вт“ + Om? + Dm? =0 


Am’ + Вт» + Ст+ + Dm? Ы =0 


204 . NALINIKANTA BASU 


8 system of seven non-homagenons, linear equations in' six unknowns. 
If m satisfy (1) and*(2) it will evidently satisfy all the above 
equations, These gquetions are therefore consistent. Hence eliminat- 


ing m’, m^, m*, m°, mê, m, we get ав a necessary condition for (1) and 
(2) to have а common root 





м BO о CD; Be 05 0 

0 A в, O D к, 0. 

0 0 А, В Co D, Е; 

0. 0 0 A B c р |= 
0 0 А B. с p d 

0 А B D 0 0 

A. B с D 0 о 0 


In order to avoid algebraic complications at the outset, we first 
consider а single lifting plane propelled horizontally by:a central thrust. 
Two surfaces S, S, of which the front surface Š, supports the whole 
weight of the aeroplane being inclined to the line of flight at an angle a, 
, While ` the rear ‘surface S, acts as a tail or rudder or auxiliary plane, 
being placed in & neutral direction (so that a,=0). Distance between 
thé centres of pressure of tha two planés is 1, the line of асп of the 
propellor thus passes through the centre of gravity of the machine ; 
the direction of the thrust being along the line of flight is horizontal. 
The values of the nine derivations X,. N. Are given by Bryan in this 
case as follows : 


x.=2K8,U sinta,. X,=KS8, U sin a cos a, X,=0 
ees U sii а cos a, Y: —EBiU оов? a+K8,U, Y, =—К8, Ui 


N,=0 5 ONS =—К8, м, » .N,=KS,Ul! 


where K is the coefficient of resistance of "6 plane. , 
Hence we obtain in the case when the machine is descending with 
velocity Ü at an angle 0 with' the horizontal’ А 
== А = Cw: 


Vie 


B,/gU =CWE[S, (1-+sin?a) 4-8, ]4+W*KS, 0 


C, /g*U* =20K'8,8,sin'a+ WK*S,8,19(1+sinta)+"- КВ, 
Я " g 


. 
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t | 5 | 
D,/g U= Ш (5,8,1 sin a cos a: 2 ааа 8) 


E,/g*U* = SE'S 8,1 sin a сов (а—0) 


and for t, . 


` B2 [OK S, U cos*a--CKS,U-E WES, Ul") = -0KS,U sin a cos а: Ф 
S OUT oe g 


c=[ K*§,8,U%2? costa d: z KS,0 | P—K?8,8,U*l* sina 


cos a ` Q 
«T ERU sin a сова ( we ~KS,UI Jute Wi cos 8 ]8 


D= =KS, CEN eme P-FKS,UI аё Q 
ES, U sin а сов a W sin E cos 0 (KS,U сов*а4- ES,U)]R 


and for thé equation of equilibrium W сов = KS,U* sina cos a 

The quantities P, Q, R that we have assumed for the resolved parts 
of the magnitude of the gust will have a relation among themselves 
like aP=bQ=cR where a, b, c in the general case are functions of time. 


à 


x 


CABE 1. 


In this case we shall assume that a=b=c=1, 0=o i.e. the machine 
is flying horizontally and a a small quantity ао ‘that віп?а and higher 
powers of s sin a are neglected, "Then ` 


A,=CW? ` 
B,/gU=CWK(S,+S,)+W*KS, 13 


OU 2 WKS,S, 1 + T5 KS, 


D,/U*g* — 


E,/g* if *8,8,l sin a cos a 


` 
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and for the equation of eqüilibrium W=KS,U* sin a cos a’ 


and 
А-СУ p 
g* . m 
i 
PKU 


a [CS,(1—cos а віп 2)+5,(C-+ W1*)] 


B= 


o-P[ K*S,8, U*1* (1—оов a sin a) + 38, STU*I sin a cos a 


“шт 


D=PWKU(S,/+5,+8,) 

Then expanding the Sylvester's Determinant and remembering that 
W=KS,U* sin a cos а for the condition of equilibrium and neglecting 
sinřa and higher powers of sin a, we find that the deferminant reduces 
to zero ie. (m) and Fim) have a common factor between them. 


No — ФО») 


W t= Fim) 





° 
' and even if mcm, Le. if wu period of the gust 


coincide with a period of the natural oscillation of the system, s, will 
not tend to become infinitely great і.е. the forced oscillation would not 
make the system unstable for that particnlar period of the gust. 


- We have arrived at this particular result by assuming a small i.e. by 
neglecting sin*a and higher, powers of sina, Bryan has shown that 
the natural oscillation of the system that result from the above assump- 
tion gives the short oscillations of the aeroplane. Hence if the period 
of the gust of wind coincide with the period of the small oscillations 
of the aeroplane it will bave no effect in violently disturbing the 
stability of the system so for as the velocity w is concerned. Hence 
=a,0"1' Баев‘ J-a,0*s! и," ив" gives the natural and force 
oscillations of the system in the direction of its motion so far as the 
short oscillation are concerned. The case when the period of the gust 
coincides with the periods of the long or slow oscillations we can no 
longer neglect віп*а only and we’ shall take it up afterwards first 
finishing the examination of the effect ou v, and ep, The case of v, 
is quite similar to that of u, but e, both because it is an angle whose 
great variation may very well become dangerous ёо: ће aeroplane and 
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it presents quite a different type of equations for x(m), will give some 
interesting results. We have : 





= A x(m) «геге 
= Fs) 
W m+X,, X, 1 
g 
x(m)=P X. А m+Y,, 1 perce 
N,, K,. i| 


A= =” Bap Ž (N,-EN,), C=P[(Y.N,—N,Y,) 


VE (X,N, —X,N,)—X,Y,] 


Hence 
A,=CW? 
B,/gU=CWK(S, +8,)-+W?KS, 1 
C, /g*U* - WK8,S,14- T KS,! 
f, 
D,=0 з bajy Ut = js Кг SS palaces 
and 


A= PTT. B=P a KS,U/, C— —2PK*S,S,U*1 sin a con a 


H x Saa of the gust of wind be equal to the natural period of 
oscillation of the aeroplane then m=m, and to find the condition that 
F(m) and x^m) may have a common factor. The equations are 


Ат: +B mi +C; m+ Dn +T —0 


Am? + Bm + C=0 


Д 
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. The condition these two equations have a eommon:root is given by 
Béacher as follows: . 


The resultant R of the two equations must be zero i.e. 


А, B, C, D, ° E, 0 

0 . Ag B, C, Da E, 

0 0 A B C 
R= =0 
"0 0 A- ` B © ‚0 

0 Á B c 0. 0 

А. B C 0 0 0 


, Expanding R and remembériug that W= KS ,U* sina сов а and 
neglecting terms containing sinta and higher powers of sin a we see 
that R=0 i.e, Flm) and x(m) havea common factor between them. 
Thus 

. 

ezze e" 1! +e," obese" n ke," + е”! 
represents oscillatory motions in all cases ехсер}, when m doincides 
with those values of the roots of Fin 0 that give slow oscillations of 
the system. Now since F(m) and x(m) have а common factor corres- 
ponding to that value of m=m, which gives the short oscillations of the 
system, the degroe of that common factor is two, hence it is proportional] 


to x(m) i.e. Rum)==x(m)F , (m) and e, = —2 ; those two values of m 
P F m) 
that make F, (т) =0 will make e, infinitely grent i.e., make the motion 
of the aeroplane unstable. Hence those values of m corresponding to 
the long oscillations of the system will give the aeroplane a pitehing 
tendency which may prove dangerous. ор 
Tn the саве of и, and v, when sin*a does not vanish we see that 
the Sylvester's Determinant does not vanish i.e. F(m) and $(m), (m) 
have not а comon root. Therefore when the period of the gust coincides 
with that.of the slow oscillations of the system w, and v, become very 
great but this fact by itself conld not have given the machine any 
instability. It is only when we have considered the value of e, in this 
case and find as above that it also is very great we conclude that tho 
forced oscillations in this case assume dangerous proportion, 
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Hence in the case when the machine is flying horizontally the’ effect 
of a periodic gust of wind will be only to sftperimpose another oscilla- 
tion on the system (provided the machine has inherent stability) for 
all periods of its gust except when it synchronises with the long oscilla- 


tions of the aeroplane. 
. 


Cash I, 


In this case we still assume a=b=c=1 but 04-0 i.e. the machine is 
descending at an angle 0 to the horizontal and for purposes of approxi- 
mation and algebraic simplifications we shall suppose 0 and a both 
small so that сов (0—«) may be taken -equal to unity, then 


A,=CW?., 


B,/gU - OWK[S, (1+sin*a)+8,]-+W*KS, 12 
C, /g* U* -20K?8,8, sinta+ Кевіна) e T кв, 


and for D, ang E, we must go to the equations for s, v, and e, in 
which substituting the values of X, X;...N,, we get 


° 
(WT E2KS,U sin*à)u, J- KS,U sin atro — W cos'e, +P=0 
.SK8,U sin a cos eus W 7 +KS,U сова КВ, 0), 


+[ (її; —кв,ш pw sin 6 ]eo#P=0 


0—K8, Urs (9 m! KS, Ото y +P=0 
Hence 
Doig ti 27 K*8,8,1 sinta T, КВ, sin 0 


E, /j*U* =n K*S,S, [sin a eos a cos Ó--sin*a sin 0] 
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From the equations of equilibrium W соз 6—KS,U? віц a cos a 
these reduce to . 


D,/j3U* — ы K*8,S,I sin a соза (2 tan a+ tand) 


E,/g* ei К+5,8,1 siu a cos (6—4) 


If now we neglect віп?а and higher powers of sin a 
A =0W" 


B,/yU-CWK(S, +5,) -- W* KS, 


C, /gU* S WK8,S,U + T K8,l 
D з w 1 М . 
o/g* U* = z K*S,8,l siu а cos a'tan 0 


, 2W : Я 
» + 4 — Lh l 
E,/g*U pes SS, sina 


We see that A, B, C, and E, are the same in this case ns in Case I 
and in x(m), 0 does not enter, hence є, finite for those values of m that 
do not coincide with a root of Е(т) =0 giving the slow oscillation of 
the system. 


But in the case of м, . 


“Be = [OB (1—eos a sin к (O+Wts)) 


С=Р[| K*8,8, U"? (1—sins a cos a)4- z KU*(B,L—S, sin a cop a) 


—K*8,8,U*l sin a cos a+ ш KS, U” sin a cosa ] 
g 


WW. ED 
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, 


І =P| K38,8,U*I*(1—sin а cos a)  K*B, ,U*] sin acos a+ H 


j С y wb KB,0*1 | 
. 


Dz:PKU[(S,1--S, sin a cos a) W sin era +8) i cos 6] 


and the equation of equilibrinm W cos 6— KS ,U? sin о cos a. We find 
on expanding R that it does not vanish even when віп?а and higher 
powers of sin a аге neglected. Hence in this case the machine is 
distinetly unstable for the forced oscillations corresponding to either 
pericds of natural oscillations. I 


Group П. 
At the ohtset in this-group-we start with the assumption that 
P'—Q'—R'—8 constant quantity which is conveniently taken as unity. 


To solve this group of equations we assume w, p, т, 'each propor- 


; Ж = z dw at d ~ 
tional to 29965, ров t, qo8”', 89- that g mome ty A =p me"! 


Sg —q,me"*. Hence substituting these in this group and eliminat- 
: a tens z 
ing e*' we get 


+ 


( W m +Z, wo +( Ww cos 0+ Z, }% 
g «7 Р, 


+( —wU. X sing+Z, E 
e g m NV = Š 


lI 
© 


Les (me, )=+( FE eL, jer 


М. ( —F "кы, )x*+( B^ M, Jtg 


II 
° 


on the following identity тф cos б==р cos 0—q віп б, 


919 
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, g es 
equa o* Po* 10 
Solvin th e tions for 10 p q amd putting P =Q =R 


^ 





m UR 0--Z,,— U — Bİ 
W 2 Е sin@+Z,, 1 


А TL, Е" 
xo be E: 1 
рем e s | 
» | 
Е B... M Í 
g ° : 








f 
i 


— Las — oos 6 » + 
| W + в +7 — W U. — gi 
| | gin@ Z, 


L — 
we 
| AT D, ~P” +L, 





M., FP +M 
MES sate B 
p OPE PP 


1 
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Hence ° 
< Am? + Вт? --Cn-- D 
eR imt Bunt EO m* D m+, 
where : ND" ` 


| A, =W(AB—F) = 
B,/g— Z,(AB—F*) + W[AM,+BL,+F(L,+M,)] 
O,/g?=Z,[AM,+BL,+F(L, +M,)]+W(L,M,—L,M,) 


~2, (M, +BL,)—( 2,9-0 z JF. EAM, ) 


bjjg* —Z,.(L,M,—L,M,) 4-Z,(L,M,—M,L,) 


2]3 


o (awe \u.M,— —U,M,) 


+ VO, АМ „) sind—(BL, --FM,) eos0] 


4 


n = Y (ам, м Jis) tos 0— (eM, м „ува 


and 


p=1 ; | мм, —Z,) + B(b,—Z Sas —Z.,)-F(M,—Z,) 
ду М 
U (AFE 
Е +) | 
C=(L,M,—L,M,)+(Z,L,—Z,L,)+(M,Z,—M,Z,) | 
| +WE(L,—M,)+ M [(A--F) sin 0:— (ВАЕ) cos 6] 


D=W cos 0 (U, —M,)+W sin 0 (b, —M,). 
Also 


= An? + Blan? -O'm4- p' 
Po 7 K mi TB m FO m + Dm E! 
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‚ A= (B+) 5 
В'= HBL) ECL M.) +W, 0, | 
° Set 


C'=(L,M,—L,M,)+(M,Z,—-MeZ,) + (o, 2, — Zl) 


LFW MaDe) 20. 


D'—(M,—L,)W sin 6. 


Also ° 


A= +P) 


Br 5 [A (s M) EU, — Dy) + W (lie M, 


C’=(L,M,—L,M,) (4,7, — 4M.) ULL, Legs) 
D'—(M,—L,) W cos 6 
and | 


= Alm КВ"? +O! + D" 
T= A ,m* 4 Bm? -O,m* tD m-F E, / 


Case Т.——Бтвлтант PLANES. 


By this we mean planes'perpendicular to the plane of «— with 
no vertical fins. In this case we get from Bryan Art. 77 Ze, Z,, Z,, 
L,, M,. eachzzzero. Thus we find that D, —0, E, 20 and for straight 
planes C,=0 (but in this case the original motion is unstable so we 
neglect it). Lf there are 2 planes whose angles of attack аге a, and 
a, and the moments, of inertia about the plane x—y bel, and 1, we 
find E +4 


С, 


pip 7 3WLL, вішча —а,) 
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But even in this case 2 roots of the biquadratic are zero which 
indicates lack of inherent stability, во we neglect this case altogether. | 


Casa 11. = 


Now at once let us go to the system that is most stable and whose 
range of stability is great. This is the system with 2 raised fins at the 
same height. In this case we take 2 fins Ty and T, (of total aroa T) 
one in front and other in the rear of the C. G. of the system and both 
above the z—axis in the z—y plane with the y of the C. P. equal and 
their joint C. P. in a line through the C. G. of the system perpendicular 
to the main planes. In this case,” Bryan has shown, Art. 84, that the 
machine has inherent stability. Now to find the effect of the periodic 
gust on such a system. 


Let С y) be the co-ordinates of the centre of mean position (or 
centre of pressure) of the 2 fins, and M,, M,, P the moments and the 
products of inertia of the areas of tho fins with respect to axes parallel 
to the co-ordinate axes through (r,y) we 2 from Bryan since 
M,=P=0, in this case for the fins 


КТО, 2,=KTUy, Z ¿= КУТО 


s D.=K Uy, — LQ,SESTUS, L,=—K:TU:y 
M.=—K:'TU; `М,=—К'Тйгу; ` M,=K?U(Ta"+M,) 


and by Lanchesters ‘ Fin Resolution М, = E x (distance 
< < 1 2 





botred fins)’. E : wr 22 


For simplification of аса let us assume that К: = К i.e. the 
coefliciants of resistance of the fins and the main planes are equal. 


Also let us assunté а Small, so that e-—:0 and also F=0 ic. the a-axis 
ів a principal axis. Then 


Z.=KTU, Z,=KUTy, Z,=0 
L,=KiUy,. L,=KUTy?, L,=0 -- 
М,=0,  M,—0, M,=KUM, 


Also let us first consider the case when 6=0 i.e. the machine is 
flying horizontally. 
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The above are the resistance derivabivés due to the 2 fins only, the 
resistance derivatives for a main plane at an angle a and a rudder 
plane are 

Z,—0, \Z,=0, Z,-0 


L,-0,  L,-KUlos e, — L,=39KUI sin d os a' 
424 Mekic M KUI inta 


go that the whole resistance derivatives are, neglecting sin" a and higher 
powers: of sin a 


КО, RC | 2,0. 
"L-KUTy . L,=KUTy!, 1, 2201 tan a 
M,=0, M,=—KUI sin о 008 a, M,=KUM, 


and $a i SA 
A,=ABW f 
B,/gKU 2W(AM, PENG 
-C Еп -TM, (A+ Wy. ) š 
D Шеке = V. LE y' Ttan u—B: T: уке | 
By /g*K+Ut = — M TMK ос. o 

and for p, 

| | АВ CC 

g? 


ByKU=* [BT(1—y) + WM, +21 tan а)] 
JESUM w 
О'/К*П*=ТМ„(1—-у)+21 T tan a—. m Try: 
7 
, D'=0. 

Using these quantities in the Sylvester's Determinant and remember- 
ing that W=KS,U® sin a cos a we find on developing and neglecting 
terms containing sin*a and higher powers of sin o, a, that the determinant 
vanishes i.e; the two equations 


Amt Bum? EO, m? 4-DUm 4 E, =0 
A'm? + Bae? 4- Ст + D'a=0 


. 
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Баур common root betyeen-themselves., Now since D’=0 the last 
egnation reduces to A’m* + В'т+ C'=0 and it will haye twoi iniaginary 
roots if y be negative, which is one of the conditions of the inherent 
stability of the machine. Also we know that. there is only one type 
of lateral oscillation of the system ie. A,m*-FB,m*-FO'm* ++ D ,m 
+E,=0 has only а paiy of imaginary roots and since a period of the 
gust is to coincide with a period of the oscillation of the aeroplane it 
must coincide with this particular root. Thus we see that the forced 
lateral oscillation is never unstable in the case of p, when the machine 
is flying horizontally and we can neglect sin*a and higher powers of 
sina, The same conclusion holds good in the case of w, and qo. 


Hence we conclude that when the plane is flying horizontally and 
а is such that sin*a and higher powers of віп а are negligible the 
effect of a periodic gust of wind on. lateral motion is only to 
superimpose another oscillation which never becomes dangerous. 


Oase III. 


In this we assume 6:0 but we neglect sin’a and higher powers of 
sin a then à 


. A,=ABW 
B,/KUg=W(AM, +BTy*) 
C,/K*U%g*=TM,(A+Wy!) 


D,/K°U%g? = z [y1T tan a—BTy cos 6/K*U*] 


F,/K*U*sg* z — z Yj, TM, cos 6 


Thus we see that 0 comes only in the form of cosine and that only 
in D, and Ё,. 

If we consider the case of po, A’, B'O’ remain the same as before 
only D'= —KUTy:W sin 0; so also in 9, only change is in D” which 
becomes D’==—KUTyW сов and in w, А and B remain the same 
C and D change so that 


CzK*U'M,Ty(y—1)—2K*U?TyI tan a+ х KU*Tys 


+ T (A sin 0—B cos 6) 
DzKU(Ty?sin 0—M, сов 6) W, 
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'\ 


Some factorable continuants have been discovered by such eminent 
mathematicians as Painvin,? Sylvester," Metzler, Muir‘ and Datta." 
The present paper contains а contindant of the same class which has 
been derived from a finite series with the help of Heilermann’s 
Theorem.* This continuant has been evaluated determinantally and 
some algebraic, relations viz., theorems (1), (2), (8), (9), (11), (12), 
(13), (14), (15) and (24) have been deduced. In converting the finite 
‘series to a continued fraction, we have come to a kind of determinants 
-whose n%meratox's and denominators are’ both resolvable into a number 
of binomial factors.’ 


,  Painvin, (1858). "Bur unoertain systeme d'quationg linenires.” Journ, de 
Hath, (2) III, pp. 41-46; ог The Theory of Determinants in the Historical 
Order of Development by Muir T., Vol. 2, pp, 422-434. 

. ‘Sylvester J. J. (1864) “ Theoreme sur les determinants de M. Sylvester.” Nouv 
Annales de Math. xiii, p. 805, or The Theory of Determinants in the Historical 
Order of Development by Muir T., Vol. 2, p. 425. 

3 W. Н, Metzler. “Some factorable continuants,” Edin. Proc, Roy. Boc, 84, 1914 
(228.229). 

+ Muir T. "Oontinnants resolvable into linear factors” Trans, Edin, Hoy. Soc., 
41, 1905 (843-858). Muir T. “Faotorizable continuanta" Trans. 8, Afric. Philos, 
Soc., 15 pt. 1, 1904 (29-88), 

5 Haripada Datta, "On the Failure of Heilermann’s Theorem.” Proc, Edin, 
Math, Soc, Vol. 85. “On the Theory of Oontinued Fractions” Proc, Edin, Math. Bot., 
Vol. 84. ? Ө 7 £ 

° Journal fur Math, 88 (1845), p. 174. ` 

* Oauchy, (1841) “Mémoire gur los fonctions nlternóes et sur les sommes 
alternées,” Exercices d'analyse et de Phys. Math, IT, pp. 151-159, or The Theory 
of determinants in the Historical Order of Developmenta by Muir T, Vol. Т, 


pp. 942-845, 
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12 | * 
- (O3) tay) (l+ aty) (1-2 7*g)] 
£z ((y—8)(ay—8)(a*y —8)...(a' 71y—8)] 
8,0 48) ((y—3) ву —9)...(a77*y—8)] 


+'8,(1 +8 )а+®{у—8)(ау—®)...(а'-зу—8)}+.. 


"as {( Z= 


where "8, denotes the sum of the products of r factors 1, a, a*,...a*7! 
taken p of them at a time.” 


Proof. Let us take the series. 
(a48)(o*-8)(a54-8), — (148) (а-8)(а* B), - 
(L +s)a+pG+9, (+з (1 +)... 








EXT ).A+8)} NU 


апа obtain from it A,, A, etc., the successive orders of differences by 
using 1, a, в"... as multipliers (see Art 5, Paper 8). `e 


Then we shall find that in this particular case where there are three | 
factors in each term of the original series, each term of A, ang higher 
_ orders of differences vanishes. fo by Art 5 (з), Paper 3 we haye 


(a+-8)(a* 4-8) (a* 4-8) — S, (1--3)(a-4-8) (a* +8) 
+8,( = 4-8 Ja5(4-5—. 





+D 'S( +в )( gta t8)( e +8 )=0, whore k= ог>4. 
^ ‘Thus generally we have 
((a--8)(a* 9)... (077 4-8)) —^8, (1-8) (a--8)...(a77*.8)) _ 


es (} +2)oan 0-49} - 


+8, Í p ax E з... ба" 1-148) } =0 inci) 


where korr. _ 


1 of. "On the Evaluation of Some Factorable Continusnis," Pari II, Art 2. 


Bul, Cal. Math. Boc., Vol. XLV, pp. 91-106. In subsequent references, this paper will 
he called Paper 3. 7 
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» 


ON A FAOTORABLB CONWNUART 381 


If the original series be 1, 1, 1, ..., thgn each term of A,, Ay. is 
rero, Hence we have И ! 


А 1—t8,+*8,—...+(—1)* ^8, —0 
where k=or >1. . 
° 
Let uà now take the pgrticular case of the theorem (1) when r=3 vis., 
(1+y)(1+ay)X1+aty) = (g—8)(ay—8)(aty—8) 


жав, 0-9) (9 (y), (7. + 8 }(1+®(у—) 
+°в,( 5+ 36 n à a9. sn (Mj 


` H we substitute 8, —1, -t or -4 for y in (4), we can show by 


(2) and (8) that for each substitution the equation (4) is satisfled. 
H ence it is an identity. The general case may be similarly treated. 


He. 1. I . 
[i]ee»[$ ]eeav»ae[ |. 


аунау) 4 |tetats, Іну) 5 ]-- 
+1) "s +» Leary) = (1) (bay) (1-нату):. (нату) (5) 
where (1--y, 1+a*y) denotes the product ((1--y)(l--ay)...(1-Fa*y)] 
and [5 ] denotes {леа еы ане. 
This identity may be proved by substituting ay for y and —a for à 
in (1). 
Has. 2. —— - бт 7 
* ((Lratr y) pat ту). (1 2*7 7g)] 
` gr'8, (OC y)(1-aty)(1-baty)...(1-a*'-4y)} 
—"'8, (a1) {(1+a"y)(1+aty)...(1-+a""-"y)} 
+ Barala" —D(a— D (Or aty) Lb a*y) s (1 at17*y)] — 
(CD (4% 1—1) (7° —1),,.(а—1)} 
(XB, cui [+a нану). Очная ty) +... 
" (1) "(а =lat —1)...(a—1)1. e (6; 


1 ef. "On the Evaluation of Some Factorable Continuants,” Art 2, Bul, Cal, 
Math, Soc, Vol. XIII. In subsequent references this paper will be called Paper 2, 


№, 
` 
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Proof. The k-+1th term in the right-hand-side cin of (1) is 





Lade. сык К 
IUIS k К же ^71) D] 


x ((y—8)(ay—9)...(a77*y—8)), by Art 6, Paper 3. 
Put К 


а=, iu vs and àz—5b*'7 and let "В, denote the sum of 


the products of n factors 1, b, 5*,...5*7! taken + of them at a time. Then . 
the k--lth term becomes ` dido 


—1) (Qo: 71) 0117-1... 8-1) O-D} 


{Фф — (rci 1). hr _1)} 
=I) GT)... GO) 





EB Sree s a): (1400-3) 
=(—1)%(6*5 12e ° HD i-o +1} 


x ** B, a [C1401 ts) (1404442)... (1-09 717]], by Art 6, Paper 8. 


Bence Vo identity ue proved: 
Ha» 
(payri) Lea iya. Latt) 
27:8, (+G +a)... (1:977) 
ав, (2-1 (OI- bag) ачу). carro). А 
HODE =S, p tt m1 (i97 л) (ар 
x {Harty азар). (1-227 *)) 4... ` 
(1) 27738, айа) аят 1) (а) "EI 


This may be proved in the same manner as Ez, 2 by putting 


az, y=04 tz and 8 —b*77 in (1). 


a Gf. Art 8, Paper 2 
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. 


2.1 


tay _ 
тр: 





Cre ce 


n" aes 5 1-1. 
=0 or (—1)* ic 1)(a* — 1)... (a*71—1) 
` [ 1 |(ч+д@+а»)...+а°-—*у)) 

. according ав n is odd or even; the last term of the series is 


IO) фачу), (Lhat *-8y)} 
ctt 
[а Ка+оа+аз aee) 





ao сужа) анто) eod) 
| [1 ]tae20sep. aet) | 


according as +? is odd or even, 
Proof. Let "B, denote the series 


в 
"S, w UPS. "Б. d — 
Uc NERO SON 


L1] r+k x x 
+(—1)* зеш 8, +... +(—1)""”" Beast I 
М r+ P1 


Since if can be shown, by Art 6, Paper 3, that 


i 
"Bi "Y S, "S, OS, 
rt Brus "S, 


we have 4 


Bis I1—" 8, °°", (1) 87" *7'8,.,] 50, by (3) 


г. *B,="8,=...="B8,-,=0, but `a. = =1, ` e (9) 


2 cf. Art 4, Paper 2. 
3 of. Theorem (8), Paper 2. 
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Now let us take the particular case of (8) when n=l, в an noda number, 


then the series is 


аз b ee 1 tay 
7 
[1] [1][1 T [i JE JRI 
1 iyat 1 (14-a*y)(l--a*y) f ' 


U ais ге) (1+у)(1+а*у) 


__ l taty)(+aty) 
[ 2 | Š ] (Ту) Fay) 


1 (Uta y)( l+aty)(l+a%y) 
E j 6 ] (Ly) tayi Easy) 
1 1 


m 00 (itaty)(l+aty)(l+ta'ty) | " 
[i] (l+y)(i+aty)(l+aty) 7 


s А 
If we take the denominator of the last term as ‘the common denominator, 


then the numerator becomes 


” 


жу) ааа) S (+y)0+ayy)G +aty) 


IS ау) ачу) абу). 


+ [Be @+а*у)(1+а'у)(1++а*у)— g" (1-ату ату) ату). 
в 7 ^ a 


If u, — (1H-y) (1--a*y)(1--a*y), u, — (1H-a*y) (1 а*у), and u, =1+a%y 


then applying (6) to odd terms and (7) to even terms, we can show that 
ihe numerator 
=' Bou, —~'Byu,(a—1)+' Bu, (а —1)(a—1) 
| —'B,(at—1)(a* —1)(a—1)=0, by (9). 


Thus the series vanishes. 
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TJ[GerDG-9tD 


3 i 


(0D ` (G9 —2)(»—v9)"(,5—2)(-72)] = 
s(1 3? -D(LT s- 9) (1—3-. 6) Ç 





m 








v-»P(T-F 9) s-xePUE—P)(T— 1 < n) 
р 

ЕТ Ltt y sP DOT eP) (1—.D) 

É I PLITH?) 9001—60) (T— 24.9) 
tO | (0 «qno божо) | pe PEDI) 
š ' i AE "t , rev) Q0 OCT 1-09) (T1400) 
| i | RN ‹ ima? xti 
Ú. : | Е I~ tt? Е 


, 


: qusnumuoo өч, ‘е 


° . -pagea Хүлвүгопв oq Ket eseo Tuzous3 eq, 


* Ge+DG,6+DG+D| 1] 
Я Жош Se BOOT ONT, V. 
(9X7 ex | 


(1-7 9)(1—:9)(1— 9) — —(1—9)(1—3«9)(1—52) — (1—9)(1— 42) *5*g, + (1—2)'n'g, — 'n?g, 


st IOge3eurnu әү} qug? MOJE Á[prepruirs ото ea *ioquinu UAG UB QEV р. 
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Proof. In evaluating this continuant we are to apply two algehraio 
relations viz, 


(a*** —1) + (a* + Lat __ 
Iii fa)? ede) 


(a*7*71—1)a* rtt 


^ (as "ж121)(1+0'7) zl 


we 02 


ánd (an т-а — 1) (an 171) ак" —1) 
(a* rl —1 Xita (ati —1) 





£. 


+ (asiti 1)(astr tts —13(a* -1)a* 


(a 7 —D o Nta t) 


= (arnt ttt) (at! nh! -1) (90t*n*1—1)a* rs 
(а аан) 








— (air lys £N a! 7(a*-7'- сер •... (12) 


Та the case of (12), if (1-Fa^)(1--a'*1)(a3*1—1)(a-!—1) be taken 
as the common denominator of the left-hand-side expression and the 
factors in each term of the numerator be multiplied together, the 


numerator will contain eighty terms of which sixty will be cancelled 
and the remaining twenty are :— 





gita адз ТАНЯ uA ii cia o" фак? +asstar-h+te 


parrter-ite аз ажат we ATS sao (NESTS д^ та 


mgt tents фа" атт фаза Хаз th дета 


nu , ` 
— gia? marth ата 


ай (1-+a")(1Ha" ti) (att 1) (anh 3) (amer р), 


Hence the theorem is proved. If we multiply both sides of (12) by 
a*~?—] and then put k—1, we get the theorem (11). 


o ` 
t ° 
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€ 



































` (1-— n) (1—0) |,n—o 
. + S ‹ t$ € » 
. A CTS w)tp- vo (0) + oo IOS a I 
c + —t ; „(т—®) s (I—s?).(1—?) $ + 0-9 
«уе Pac. P'uadq-ea-—o-q-» POF OT 

£ XI uut I—? s (1—0) L eno, П) он) n). ‚1-8 I 

We 109 etre) + 199 uacua GTI) C10 ^7 
fo P 
$t š I-9 _ eo, PFPD?) Vou CPE Сао) (1-9) To?) (I— 9) i 

oe аа 8001—20) P^ PCL =) v9) Е or®(T—P)(T~s® (Te?) ^o^ 
ges впотфвлейо өү unropred sty4 UO н 
PEDAH о (ео) 1—90) (1—00) 
s?(I- 50) .в8001—2)(1— 49) 
= Ç (0+1) (0+1). , (2+1 (1-2? )(T— 2?) 
e : I D(H s?) : sPUI— L n)(T— o7) 
eo PDOT) _, : (6+DG—)G—. 5) 
Я I ; ` n(T+,2) s?(1— 49) (1— 57) 
‹ Į[— M 
" . е Ic aque gon; 
| 5 ` 
А i “ta zw uəqa quunurjuoo eq, jo eso repnoryred eu; JepisuoO sn gef WON 
, + š © 


m 


Ü 
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Then we shall find that all the elements, except the first, of the last 
column, vanish and hence the continuant is evaluated, Further when 
the elements of the last column, that result from any of these opera- 
tions, kth for instance, are obtained in the simplest forms by the use of 
(11) and (12), they will contain z—a‘~* as a common factor while the 
other factors willbe the multipliers themselves, the multiplier of rth 
column occurring in rth element. As an exception to this rule the 
last element of the last column is always zero except in the case of 
the first operation. 

In the general case if m, denote the multiplier of rth column 
and 1 that of the last column, we have 


In the first operation 





n—1 
m=, | f—r-4-1 
where 
1)(8r—2 
scire (а+1)ай 70079) 
1(a3*73 —1)(a3'7 s—1).. ау {Fay Tan; (1-bat71)) 
and | is governed by the same rule. ° 


In the second operation 


n—2 а" 71] 1 
me, | с, ETT and l= acd 
and so on. { 


In the kth operation 


he 5—k nar—1l k—1 
т, =| n—r-—k--9 Iiic yt 1 ] 


њ--7+1 ud ^ e 03) 
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Proof. Let us take the series 27 


n=l n=2 - n—8 r—1- ч 
[ n—r-4-1 ] pud [ N mm p man T “[ 1 ] 0, 0, (si 


&nd obtain from it = 


Av» Agree Ae: An Acai Д Aii Aatroa Autrey 


the successive orders of differences by using 1, а, a° eto, as the multi- 
pliers (see Art 5, Paper 3). Then the ee term of Any, 18 


aux ате) pb 
É: 1) ^h] 


г 


Hence the identity is proved by Art 5(1), Paper 3. 


(a&—1)a*-* | ata, (at 1)(0t777—1)a 





G) a" *t1—1 a3—1 (ati —1)(a* —1) 
š с : 
= . 
a"—1 ; 
= І . (14 
and I 


(a*-' —1)(a**'-7*—1)(a**'7*—1) _ 1-9. ])g*-s-r 
ти ТТ тыд шу ^ € D 


_ (+G trik 1)(a*-?-* 1) 
n os (1+ar)(L+arti)(ar—1) 








cer UD TEST nL) (ge Po е Lem Lge tt . | 
(arti. (7 -FDr-D. - &0 m (15). 


T'hese two theorems may be proved in the вате manner as the theorem 
(12). From (15) itis clear that if іп the lelft-hand-side expression of ` 
(19),«(—1) be ‘substituted for a’ in the second term, a' ** for a?"** in 
the third term and the fourth term be multiplied by a*7'7**', the 
expression vanishes, 
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5. The operations given in Art 8, may be stated thus :— 


M[*r pus ork ш rl Joes es 





0) UU І (3) 
n—2 Jatt 1—1 
col, Be» | al (t—I)col, +... = col, ; 


(5-7) - I 
col, ROOT EC 


ре Jije a)... (a—a*-"- » P 


/ (n—r- 1) 
+...=eol, | $ 
7 Е ЕХ ¢@ 
ТААН о 
ool, +0col,,+...+0col,,, +0 col, 4- .. .-eol, ; f 


We may substitute for the above operations, a^single operation in 
which m, the multiplier of the rth column will be + 


MS]. [em € 
jq EE jena er 
+ [tbe] е-е oe tr J + 


^ 


sare lr prat ]e-56-2. (Gran у TR 


1 Bee Paper 2, Art 6, p. 78. 
° * 


* 
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Thus in m, the highest power of w ів n—7 and the co-efficient of z” 
=À í[ - n—p—1 *+r-i8,/°8 
p nor—ptl | or or 
e 


° š 
—р—@ qc à 
1 eh E: В, 38,585. ; š 


+ алыш) URP iaa 18. P Б, 


tepee е ee Р, 





ay “ТЭБ n—n— n—p—2 1... ,- 
zi a, ЕЕ [>> ш: 


п—р— ыны ы = 
era tr- 18, 
MER ? 
iru вая 


=À. таге sot (- —1)" ST n—p—1 


n—p—r+l by (18) 





Je i(n—5—r)n—p4r—L) 


n 


Substituting the value of A, we have the- co-efficient of z” 


+r—1 = 
[i] gel 7 de-m0-2-0s(0-1) 
[+ а е 


e кипа | 


(a--D ((a—1)(a* —1)...(a7:—1)] 


" (arbori. (a*—1)(a—J)} 


ttr- rig _ (a+1). „3 Er se) eh 


эуез, " 


=(—1)у-- 
Since n is the order of the continuant, we may divide each multiplier by 


(—21)*1(a4 10 7 | 
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and take the coefficient of x? in m, as 


-1)9 
(upon ма е 
ра i gp -1) 


f «UU 1 ° 
"U m= gem [785a ату" PB Bo 


j JT m 
+ 2(n—1) H8, ETIR ot s. D = 
a 
+(—1у= е ВВ, patra 


Be E rg. trasa С Q6) 


The шашар. of the last column Е 
= e 


à к (ъ—1)*,_,‚ 
“po ect oxnalte Е eg з Q7) 


Thus this multiplier may also be obtained by (16). ; 
(z) Now if the single operation obtained by means of the formula 
(16) be performed on the continuant of the nth order, then from the 


first row we have 
a* ti] , 
(i ae bees 





in which the coefficient of 4? 


ü T 


"8, + 





== - 1 я x Ung a= a ; 
i xc DE genis в,а "b — S } 





ip(p—n +1) T „a*l 


=(—1)”"'a BI lup 9 


ma sb os а"), 
=(—1)” 1 dre Sel ee 
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^ 





ag" nol š ° 
(= AT jum 
i»—1 1 а —i "—1 e"! я =] ив 
-(-D'^ асру 5 ET (o — 8, IS, —...+(—1)* "n8. 
a 


1 
=(— 1)"- 6-0 d To e-DG-e). (ea) .. (18) 


which is the first element of the last column. 
From the r+ lth row, we get 


(a*t —1)(а*7'— —1)s**71 


(a arl. ub 1—1)(1++а@' )* m, 


(a* +1)a’ 


Ы {в р "rg i) на 


s 


in which the coeficient of a” is 


onde n—p—l yer ag 
° pum 2. Je i r, 
z(-D' 2r p—1]. p(n-1) 
e [en] р 


(a*7* —1) (a*t -2+1 )(a*tt-»—]) alar "-p-r 
{ (ati —D)(1-a* )(a7 —1) ч i 





_ (a* 4 1)(a**r7*1—1)(a*7777—1). 
^ Qa) Ta'*!3)(a*—1) 





— (a**r1—1)(a*77171—D)Y(a*7*7' Tart) = 
(a?**1—1)(1-+a"*)(a?—1) ] =0, by (15) 





Thus (r-+1)th element of the last column is zero. Similarly all the 
elements, except the first, of the last column vanish. 


The eon of the elements of the lower minor oe 


—1 2(n—1)* І 
[5 ] (а—1)а бадава 1 Я т 
ai 2-8 ]e 08.7 178, (ai) wv (19) 
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| | '(49—2)(so—2)(,0—1)(»—2)(—2)- 
s G9 1)(7— :0)(7— 0) 





























0 112(1—0)(1— oP) | 
0 Cr DG» D tad s(eP+T)(1— 2) (T— 2? 
cD(T+ s9) sD(I—s2)(T7 s?) 
Š = Сет) Сат) (p+ D(I—:n)(I—) | 
:0(7+ 99) sv(I—«9)(1— ,7) 
0 0 uo ӨЛЕШЕ, nee EDT DC EIE) 
(O9 o?) | s? (T— ,9)(f— v) 
ову) l аы 3 ‹ ‹ D с S о10°9; — 
7 0 0 I Dm as =n 
quenuruoo eq; өлвц oa потувлейо вту Zururioyred uo 
: v D as 3? Me 
"pot ,**s, AOGUS. "pow ST egt D ooet go "g, at S» S mea 8» "ee —'9 у + 
*[oo[ , 2g," S.T Phot g.* S.T —— S+} EL T 'oo[z'gs "Se = tg p Ss 
y в 91 


st uomexodo 
e[gurs eq; пә} *zepao үс eqa jo quwnumuoo egg 1episuoo su әт (от) e[nuuoj 949 jo uoreordds oqa eyensuyt or, (13) 


'(61) pue (81) '(¿I) шолу Appear вмоцор jusnumuoo өц} jo enea өц} өопөң 
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Here the elements of the last column may be obtained by the 
theorems (14) and (15), taking r equal to 1 less than the number of the 
row which is-considered. 


Be. 1. Since . 
в'—1_1+в+а1+...+%7 tal ium] 
ai TIa ta +... Toti | 
5 as a partioular case of the continuant of Art З when а=1, we have 


о, —1,- * 
(531)(0—1) , 1 T 
CRpA OC 2—97 ' 
ae) (n—2) "S ~1 
3-91 3 9 E ` , 


(Qn—DJ — a zi 
Gn—lijs-S)j!s "3| 
ж(@—1)'*. _ 
6. In the language of Mr. Datta * -the-Heilermnnn's Theorem is :— 
„I£ the series я 
° 


Zo 21.8, . » (20) 
o wt g п 
` is converted into a continued fraction of the form 


жоо | в, i os . 4s ганы ose al 
T 8 vc Geb, L z+b; petb, L | x 


Ps 


then the elementa of the continued fraction are given by 





d, ZF юс lk,_ 1р 
а, =E and b, = —— — —t 
3 rol ` s £ r 
where k, = |a,, IESU en ау, o 
MESE Gry ... Qs; в, 
Gary 931-3: Be а, +1 а, 


and ”k, is obtained from k,,, by deleting the p--lth column and the 
last- row. Moreover if f,(#) and ¢,-,(#) are respectively the 


1 Haripada Datta. “On the Failure of Heilermann’s Theorem." Proc. Edin. 
Math, Boc., Vol. 36, 1916-1917. 
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denominator and the numerazor of the rth convergent then 


rats erect te ari —p he 
ў. (а) =a" F. T a wet (—1) RB C 





(r) (r)' (r) (r). 
and yy (а) у, yt” tyra 7 B ee by. Cy, 
(r) * n К 
where y, афо КЕ arp t r a, ges Ч С)" LL ag 
k, k, k, 

(r) ik k 

Yı is ui a, +... С 1)" а, 

O э e 

Ү.-.22а,— p» в Yr-7i7796 


The successive convergents to the continued fraction (21) have the 
property that if the nth convergent is expanded as a power-series in 


1, the first 2n terms of this expansion will be, term for term, the same 


as the first 2n terms of the series (20) ” 1 
If, by the above theorem, the series 
pq Pr p m а. (89) 
w cr в e 
be converted into a continued fraction of the form (21), then the ° 
elements of the continued fraction will be given by 


a*—] b L0" 0-1 








mec Be 
d munt Dr Sa s edge (Gba 
pU aa" Ilar s)(1-+a r= туз ® T (+a) (1+a") 


Proof. If we expand by division the first convergent БЕ as а 
@ 1 


power series in I and equate the first two terms of this expansion with 


the first two terms of the series (28), we can readily get a, and b,. 
For other elementa we are to find out k, and *k,. 


If s, —(—1)? *8, then 


8, 5, $s s, 
8% 8. 8, s, 
k = 86 8, 54 8, 
8; 85% $5 S. š 


з For the other part of this theorem, seo Datta’s paper “On the Theory of 
Oontinued Fractions” Proc, Edin, Math, Soo., Vol, 85, 1016-1917. 
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On AN APPLICATION OF Bassai FUNCTIONS TO 
PROBABILITY 


Bv ~ 


ABANIBHUGAN Darra 


- 1, Some remarkable definite integrals involving Bessel Functions 
have been evaluated by Sonine in his elaborate memoir! in the Math. 
Annalen. Nicholson? in the Quarterly -Journal generalised some of 
Sonirie's results. 


* À very remarkable advance in the theory of random variations and 
of flights’ in two dimensions is dueto J. C. Kluyver? who has 
discovered an expression for the probability of various resultants in the 
form of a definite integral involving Bessel Functions. His exposition 
is rather concisB." His paper has been reproduced with slight changes 
of notation by Lord Rayleigh * who has studied various aspects of the 
problem And also given the most general result of one of the particular 
cases. 

In в previous paper, I have attempted to one more general 
forms of some of the intégrals given by Sonine. In the first part of the 
present paper, I have employed the method used in my previous paper 
to extend the results obtained therein and have given a very general 
case of the integral involving the product of a number of Bessel 
Functions. In the second part, I have applied this general form to the 
problem studied by Kluyver and have obtained by a completely different 
method the result obtained therein. ` 


I am indebted to Dr. 8. K. Banerji for енна my attention to 
Kluyver’s result and also to Rai A. C. Bose Bahadur for “his valuable 


suggestions. 


‘=! Вопіпе, Math. Amalen, Band 16, page 1. 

3 Nicholson, Quar. Journal, Vol. 48, part IV (1920) p. 821. 

3 J. O. Kluyver, Koninklijke Akademie Van Wetenschappen te Amsterdam, Verslag 
van de gewone vergadingen des Wisen-Naturkundige Afduling, Deel XIV, Ist 
Gedeelte, 30 Sept, 1005, pp. 805-24. š 

* Lord Rayleigh, Scientific Papers, Vol, YI, page 610. ч 

* Datta, Bull. Cal, Math. Soc., Vol, XI, No. 4, p. 221. 
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2. Sonine has given the elegant formula 


oo 
—ha* 

[eonan ads 
0 ° 


* 
ү _Р'+4'—9рг 
Fr — an ^ ^ a-e) ш 
== ш DAY в Cn Aal 
Ç Pmp (0 | 
= 


(m>—4). ^ (1) 


It has been shown by me in my previous paper “ Оп an Extension 
of Sonine's Integral in Bessel Functions" that by substituting, in the 


* C è A í 1 єн dr 
above, for À, A+ à; and multiplying both sides by à; ANTH and 
integrating with respect to r between the limits —oo and +œ, we have 





a — hu’ š 
(отаде аа a 
"0 v 

1 
тш —4 

К на. a-e) "d 

^u 2 мт {Т(т@+)}?” (№) 


1 Ate? — Qevs 
4h т®—{ 
x ° (1—2?) dz 
—1 
(m>—4) (2) 
where v* is equal to р? +q* —2pqt and is a positive quantity. 


The analogy between the two equations (1) and (2) suggests that 
we can employ the method indicated above to obtain the integral of the 
product of four Bessel Functions. 
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Thus, substituting for h, A+ z and repeating the same process, we 
ean write 


da 


qm 


со ç һан 3 
pu eT (bre 
0 


р"д"с"ь" 


1 . 
m—- dí 
z25* т (T(m4-3)]* Í (1—#) (аљ) 


1 tlto y 
7 «| a-e" taal e Gage? 
sd | 


where o° —c* +v? —2ovs and m>—} 
e 


Using the same method to obtain the integral of the product of any 
number of Bessel Funotions, we can write ав & general form (number of 
Bessel Furetions being n) 


oo 

| ырыт ci ST Gra 
Ф 

0 


1 
ред"... " mat 
a 5 

—1 


‚_ н и — wka 


(1—a*)7 * da 
B тың 





[m>—4]. 
Now substituting for h, h—.—, 


and multiplying both sides by 


Ф 
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and integrating with тера to r between the limits — оо and +оо, we 
have 





iu J (IMi ун) йл 
J.(p9)Ja(qu)JLov)...J, (Ko as 
j 5 UEA i а ут) 





| 1 
= p"q"c*..k*l^* 2)" ta : 
O dep {трт а" “Т” Joc JU 


* 


1 
x| (1—аз)?7#у,_„_,(у/ B — Серо) 
8 
x (Bu F Zuka)" 777 1*7 3 da. 


where 8=1, for 1*<(k—u)* ; 


le ot E cm ES 
B= Zu ‚ for (k--u)9 «I8 < (k+ +u)" ; š 


zz—1, for P > (k-4-w)*. 
For y=0, we obtain 


= ` 

s i Jn k J, l 

j J.(pa)J, (q e) КЕ apt te) de 
Ф 

0 ‘ 


1 

м Ы ады m=} 

= a= s= = 1—1* di 
{Мт Y * np е" of а 


1 1 
х | | (ayo hu + uka)*~*— da. 
e £ . 


n>m > —}. 
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Now ifn=m+1 . . 
k J l 
| Tape) Tn (qt) ...J4 (ko) Jeu (02) 4, 


m* +m & 
>P 3 
0 . 


{Мт Y Y (m2) * 27" 


1 1 
| aeta. (17221) "Tida, ` 
t . B 
Now if m=0, 


1 
j Je(pa)Jo(q2)...J.(ho)J,(Te)d. 
—1 - jr ф nde 


1 1 
= do Í aima. [ (1-21) Tita, 
=l B 


If in tbis integral, we put 


12zc080,,...azz0080, ..,, 


we get (the number of Bessel Functions being n--1) 


oo 


i | Jy (pod (qo)... (he) I; (L2)da 


т т 
) d9,..V 49... e 0) 
ò 0 


о: 
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8. It would appear from the above that there aré'certàin ‘relations 
between p, 09, ck, 1; v, a... t and t, zua These may be interpreted 


geometrically thus EN 


Since v,=p'+q*—2pgi- "wheré t==cos0, 
ш zzc? +o! — 900: » ¿=cof0, i 


13 = 4% — uka "n Р aS cos, aen us d 


г 


ibis clear that z ів the cosine of angle of the triangle having p, v and q 
for ita, sides included between the sides p and у; = is the cosine of the 
angle of the triangle having, с, v and b for its sides included between the 
sides c and e and so оп. Hence it is obvious that pq 6... P L form a 
polygon having о, ш...н as the successive diagonals joining one of 
the angular points to all others in succession. Hence it is evident 
from the above geometrical interpretation that the integral on the left 
hand side is equal to the multiple integral on the right hand side or zero 


according as 
v* =p? +q* —2pqt or not 


«* zc --v! —2cbor or not 
H =k! +1! —2Quka or not * 


f.e., according as we ean form s triangle having р, g, and о for its sides 
or noi, because only iu ‘the former case v i$ a real positive quantity ; 
according as we can form a triangle having c, » and ш as its sides or rot, 
because the integral is not equal to zero when w is a real positive 
quantity and that is only possible when e is the third side of the 
triangle having c,o, and v far its sides ; and во on; and hence (combining 
the above conditions) we see that according as we can form a polygon 
having р, q, c... k, l аз its sides, v, w... being the successive diagonala 
joining one of the vertices to all others. 


4. “We are now in a position to investigate the probability 
P.(rl,, 1,...1,) that after n stretches 1,, 1,...1, taken in directions at 
random, the distance from the stretching point O shall be less than 
an assigned magnitude r. l'he direction of the first ‘stretch | is 
plainly & matter of indifference. On the other hand, the probability 
that the angles 6 lie within the limits 0, and 6,+d0,, 0, and 6,--d6, 


abn- and 6,.,+d6,_, is 





Те nd 146, .,. db,- i Which is now to be 


меме under the conditions that the nth radius vector shall be Jopa 
then r? 


^ ° š 
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We have shown in the previous articles that 


oc 
| Jo(po)Jo(qu)...de 
0 ° 


т[2 


т т 
2 = 2 2 
=( = ) š 40, d6, ... dÓ, or zero 
0 0 


0 


according as we can formé polygon having p, q,... for its sides and 
v, w... as its successive diagonals or not. Hence the probability that 
the (n+1)th radius vector after (n+1) stretches shall be less than an 
assigned magnitude is 


: eo 
ES Jo(pa)...d« 
° 0 


[number of Bessel functions being n-+1]. 
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Ох Vortex Rives oF FINITE CIRCULAR SECTION 
IN INCOMPRESSIBLE FLUIDS 


D 


Narre NDRANATH SEN 
Introduction. 


1. Ina recent issue? of the Bulletin of the Ualcutta Mathematical 
Society, it has been shewn that when the vorticity at any point of а 
moving circular vortex ring of finite section varies as the n‘* power of 
the distance of the point from the axis of the ring, its cross-section 
does nob remain circular but-gets elongated in the direction of its , 
motion of translation, Although the steady motion of vortex rings 
has attracted fonsiderable attention of many eminent mathematicians 
including Kelvin *, Hicks’, Chreé*,. Basset’, Dyson °, Thomson 
and others, no previous writer has attempted the problem of the 
motion of vortex rings of finite ciroular section, 

In the present paper, I have shown that for a certain law of 
vorticity, it is possible for a ring to move with invariable circular 

` section. The law of vorticity and the velocity of translation have been 
caloulated for fairly thick rings. It has been found that to а certain 
approximation the velocity of translation is identical with that of 
aring with constant vorticity, this being due to the fact that correct 
to that order of approximation the vorticity may be supposed to be 
vonstant over the cross section of the ring. 


1 Nripendranath fen—''On Circular Vortex Rings of Finite Section in Incom- 
preasible Fluids” Buil. Oat. Math. Boc., Vol. 18, р. 117, 1022. ' 
з Kelvin—" Collected Scientifie papers,” Vol. 4, р. 02... 
5 Hicke—" Phil. Trans А, Vol. 176, 1884; also Vol. 179, 1886. 
+ Ohree—" Proc. Edin. Math. Boc, Vol. 6, 1888. 
* Basset —H ydrodynamios, part II, 
з Dyson—" Potential of Anchor Ring,” parts Гапа II. Phil. Trans A, Vol. 184, 
1898, y 
* Thomson—" Motion of Vortex Rings.” 
Also Gray—" Notes on Hydrodynamics," Phil, Mag. (6), Vol. 28, p. 18, 1014. 
Lamb—" Hydrodynamics,” Ed. IV, 1916. - 
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2. Let 2e=vorticity, ke-strength of the vortex 
czzradius of the “circular axis " 


f, $, r&cylindrical co-ordinates of any point referred to the 
centre of the ciwoular axis us origin and the axis of 
the ring’as 7—-axis, * . E 


=distànce of any point from the circular axis 


6-:inohnation of this distance to the plane of the “ circular 
axis,” во that p==o—r cos б, 


V=velocity of translation of the ring parallel to валів 


т 
j= ; € сов ó dó 
T s [3 + c? — 2ep'eos b+ Ë 
o0 


-` aszradius of the cross-section 





£ 


l=log A sel, 


Azlog 2, om-£, 
а? d* d d 
‚ v= ia "dh d," V.cos а, dy = sin a, 


у= Stokes' stream function. 
Then, it can be proved that at апу point (р, $’; @'),.outsideə the 


vortex filament! 
top COB . wpcosódddois . — 
“(тсз "p —®ррсов ep? uo i 


» Bull, Cal, Math. Soc, Vol. 18, р. 120. 


` 


ring. 


Now, 
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let 


o A, [1 -- A, cos 04 Arr? сов 20-4 A,r? сов 80-4 i+ 


k P de S 


0 0- 


From (1) and (2), we have | 


a 2 
ò. `0 


= j (I, (eV ) — 21, (rV ) сов (0 
Q 


lI 


dT 


а 2r 


К | 


^ 


—rV cos (0—2) - 


where the integral is‘to be taken over айу circular section of the 


AltA, TESE r 3 con20-+ ., .)rdrd01. 


x [14- A,v coa 8-F А ғ" cos 294... 





8 t atti i 
eH, (Vides Lay (ау) | 
Аа 
0 REP. 
a2 VA a ++ a? WV? 





sg + 92 t 3078 T 


` 








> a* V? ae | 
(1+ 12 * 38 T 


! Whittaker “ Mod. Anal," p. 886, 17.7, ~ .. 
* 


—a) --2I, (rV) cos 26—a) +...) 


„тае 00 J. 


where I, is Bessel Function of the x‘? order with imaginary modulus. 


Jp. Гат, (ау) A, cosa 1, (еу) +A, cos 2a P Tra) ві |J 
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A,at V? os да ( a* V? ,a*V* 
4+ 22 1+ Të T— +... e) 
_ A,a* Y? сов %( a'y" ) ] 
199 | 1+ q Bq. es же РА H J 











(5) 


at  A,ate о? a? ) 
tim HEU et (tet d 
_ 9A,a*c T 1 dw í a? , À,a^o 
4 Ито). + lsat 15% 
AC C'S (=) = 
type 80 48 01+ a Jj V o i) "^ 0 
Now, "e B. 
| I - t Š 
П 1+1 2145 1l ) . 
р _ 1+1 го 5 a 
Jf =l— y soo 8+( 16 jg 99 Jj 
914-5 о. 31—1 ) з 
+ ee eos 6 "189 сов 90 Js 
191-17 os 29 — Bs cog 4d ) s* --ete, 


« 121-411 
2048 768 


= — 


p( 1i 33 y— 1 её ( 928 E, f 
o\-c de ы cis udi: 4 T 4 Ў 


xm +? HHI os 90 


+ — 


41+1 сов 96 
cos 0+ в + í — 128 647 


32 








кде ун 


_* For simplification, see Bull. Qal, Math. Soc, Vol. 18, p. 124. 
* Dyson—“ Phil, Trans," Ibid, part I, p. 64; part П, pp. 1086-87. 
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pí 1 d xd cos 6-- сов 36 

ALS Ju ua cos 26 — аг e 


(121-9  сов20 , coséÓ Y, } 
"up ipt а дш 


s 


, 
p( 1 £) =- 1 í ( m E 
P( 23 J E 2cos 30--| cos 20 5 s+.. 


* 


) = sl: { 6 cos 40+ E i 
088 


aJo, 
“Чч 
ofm 
Sa 


eto., eto, 
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4 (8) 


(9) 


Hence on the surface of the vortex ring, we have, after substitution 


and simplification, 








l| Аус, Аа X _ 

„+(% * to s 50+) ) e 
cf 1 Ас Ayo? ЗА ‚азо 

+%( iE mh + ls sz )} cos 6 


{А (а Аза* ° 
I° 4 87 & * 24 


1 ,A,o — 
(imt B 








ai (84—1) -i( i-^r "EY. ) 
“jor ^ 88 4 4 
_( 1 „Ае Ase", ЗА ,а?с )4 
e +a ia ^ 64 J4 
l Ас у А,о* -u ) } 3 
+( 136 76 + -ig 92, +ete, § o? сов 80+ 


].9 
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Farther, let us suppose that the “centroid” of the vortex filament 
lies on the “ circula? axis? of the ring Та that case we must have 


Әт а : , " 7 "E" . 
Е * E 
f f 0 0 I с 
t | T7 Е І I T . ` 
Hence from (2), we have ^ A,=0 .. (11) 


"Also; from the boundary condition for a velocity ОЁ translation 
V parallel to z— axis, we have 


3 ot 


p 5 L^ 


y= + constant on the surface of the ring 


MERE NR PEE M. 
=) constant — Vac cos ACA cos 20 ] a 


Hence, from this and (10), by equating co-efficients of Cos 0, etc. 
(always neglecting quantities of the order o* and higher powers of с), 
we have EN A 7 





k 1 Ac | 


À ,1 
ы i38 m9 mt 15 (3) 


1 Ingbteining results (12) to (14), ÀA,4í, A,a* have been supposed (it will 
be ‘proved .nffermards, rsee results (167 and. (17)-) to be of „the order at, о? 
respectively. Š - E 254 
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33e p po Ee 
193 956 768 T 48 + dit 4 





Solving for -^ ^" V, Е sess 











° 
we obtain : . 

PP Vox ww uei ral ч 8 UP е т r d 
ih. POE GAH nI. - 
PE ve oes oa | e (BB) 

Ç $ 
A ores SAE? + AEL pa 27 (16) 

3844-15 | 1801.89. , 
3.— 

fees qoM * VOR 


Since, we neglect terms containing т? in Á,c* and A,c? in writing 
down equationa (13) and (14), it will be more correct to reject terms 
containing ¢* in (16) and (17). 


. From (2), we have, at any point (>, 0) of the vortex filament, 








+ (3195 уш an тов сов 88... | a E87- 


w=), 16 


Here, we have found verticity correct to c*. The above method of 
treatment may be extended to find w correct to higher powers of c. 


4, From (15) the velocity to a first approximation is given by 
Vert (445) = 2 ( log $3 
l6rc 


This is identical with the velocity of translation! of a ring of 
variable section whose vorticity is constant. "The result might have 


1 See result (27) Bull. Cal. Math, Soc., p. 127, Vol. 18, 


РА 
Ӯ, Ф 
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been expected, inasmuchat if we neglect с? and higher powers, the 
vorticity is found from (18) to be 


a= — =oonstant over the cross section. 
27a. 


. 
Hence, the velocity of translation must be same as that of a ring 
with constant vorticity at least to this order of approximation. 


4 
Note on THE CONVERGENCE ОЕ FOURIER's SERIES. 
° 


The criteria of convergence of Fourier's series have been studied 
among others, by Dini, Jordan and De la Valleó Poussin; and certain 
isolated conditions (which are sufficient but not necessary) have been 
suggested by them. The condition proposed by the last is the most 
general of all; the proof of its greater generality, however, is not given 
in his “ Course d'Analyse" (Ed. 1922, Tome II). The following proof 
was obtained by the writer while preparing for the Tripos. The proof 
becomes so short by the use of the property that an indefinite integral 
is of bounded variation according to both Riemann and Lebesgue. 


It is assumed that f(z) aud its absolute value are integrable, either 
in the sense of Riemann or Lebesgue. We have, 


$(6) S f(a-- 0) +f(e—g)—2s, where s is properly chosen. 
І. Dins’s condition. 


те BC | is the integrable in the neighbourhood of *0', the 
Fourier's series of f(s) converge towards f(7). Here s—f(z). 
П. Jordan's condition. 


The Fourier's series of f(z) converge to +[ f(«-4-0) --f(a—0)] at every 
point in the neighbourhood of which f(x) is of bounded variation. 


Here, s=4[ f(z+0)+f(e—0)] at all points of discontinnity of the first 
kind, f(z4-0), f(.4—0) being equal to /( e) at all points of regularity. 


III. Dela Valleé Poussin's condition. 
The Fourier's series of f(r) converge to 3 


where 


Ф,(а)=1 i $(0)46 
0 


is of bounded variation in the neighbourhood of '0' ; š being во chosen 


that Ф, (a) —5» 0 as a—>0, 
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° Troof. 
А. By Dini’s condition 
D MO ean REUS NECS Ë 23 (gy,.- 
since | Ce) | dô exists, a being БтвИ; ve a0 does, 
D o4 E. Ju 0 
б ҮК Фау 
s Ае ^a š 


>“ + еар 
- - AUT a . Е 


`Now- 5019217 
s 0€] Norme 

lass 2-7! = 

MEUS < + QBUS 


Pe 


төз Г 


элү e a & E " 
seii Ф(0;48-= af 6X(0)d8 is of bounded variation hy the 
$e dcs 0 - 0 eee 


property of an indefinite integral provided $,(0)—0. -~ 


A) 1 [aX (a)— | MOJIZA) а). — 
Я f 


where À(a,)is max Aa) in Oga, <a, ^ - i 


Bnt the expression on the right hand side —»0 with a, by Dini’s 
condition | 
A А 9,0010. i | 3 
Thus if Dini's condition is satisfied, De 1% Valleé Poussin'a is algo 
satisfied. . 
B. By Jordan's condition Ф(а) —> 0 with a and is continuous 


` near a. 


% 


^ by the property of an indefintte integral (rea is of bounded 
0 
Е Dees, iss E š 2 
variation and consequently Ф, (а). E oe 
e 


NOTE ° 957 


The only step to prove is that Ф, (а) — 0 with а, 


Now, 


* 
lim $,(a)— " m 0 o 


a 
where «| $(0;40 
"0 


—4(0)—4(0), Љу Jordan's condition. 


^ if Jordan’s condition is satisfied so is De la Valleé Poussin's. 


K. C. D. 
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Wahrseheinliekeitereehnung (I and II Vol) von Prof. Dr. Otto 
Knopf: We have received two tiny volumes on the calculus of 
probabilities published by Walter de Gruyter and Co., of Berlin. 
They give in brief outline, besides the principles and methods of the 
ealeulus, several illustrative applications to insurance, meteorology, the 
theory of errors ete. They will, we trust, be welcome to all who 
would be content with a working knowledge of the principles or would 
have a rapid view of the whole before 'aunehing into a detailed study. 


